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Abstract 

We discuss the role of spin in Poincare invariant formulations of quan- 
tum mechanics. 



1 Introduction 

In this paper we discuss the role of spin in relativistic few-body models. The 
new feature with spin in relativistic quantum mechanics is that sequences of 
rotationlcss Lorentz transformations that map rest frames to rest frames can 
generate rotations. To get a well-defined spin observable one needs to define it 
in one preferred frame and then use specific Lorentz transformations to relate 
the spin in the preferred frame to any other frame. Different choices of the 
preferred frame and the specific Lorentz transformations lead to an infinite 
number of possible observables that have all of the properties of a spin. This 
paper provides a general discussion of the relation between the spin of a system 
and the spin of its elementary constituents in relativistic few-body systems. 

In section [3] we discuss the Poincare group, which is the group relating 
inertial frames in special relativity. Unitary representations of the Poincare 
group preserve quantum probabilities in all inertial frames, and define the rel- 
ativistic dynamics. In section [3] we construct a large set of abstract operators 
out of the Poincare generators, and determine their commutation relations and 
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transformation properties. In section 2] we identify complete sets of commut- 
ing observables, including a large class of spin operators. We use the Poincare 
commutation relations to determine the eigenvalue spectrum of these opera- 
tors. Representations of the physical Hilbert space are constructed as square 
intcgrable functions of these commuting observables over their spectra. The 
transformation properties of these operators are used to construct unitary rep- 
resentations of the Poincare group and its infinitesimal generators on this space. 
This construction gives irreducible representations of the Poincare group. 

The commuting observables introduced in section 2] include a large class of 
spin observables. All of these operators are functions of the Poincare genera- 
tors, are Hermetian, satisfy SU (2) commutation relations, commute with the 
four momentum, and have a square that is the spin Casimir operator of the 
Poincare group. In section [5] we discuss the most important examples of spin 
operators and how they are related. These are the helicity, canonical, and light- 
front spins. In section [5] we discuss the problem of adding angular momenta; 
specifically how single-particle spins and orbital angular momenta are added in 
relativistic systems to obtain the total spin of the system. This is the problem of 
constructing Clcbsch-Gordan coefficients for the Poincare group. We consider 
the implications doing this using different spin and orbital observables. We show 
that the coupling is, up to some overall rotations on the initial and final spins, 
independent of the spin observables used in the coupling. In section[7]we discuss 
the relation between two and four component spinors and their relation to field 
theory. We show in general how boosts transform Poincare covariant spinors 
to Lorentz covariant spinors, and how this role is played by the u and v Dirac 
spinors in the spin 1/2 case. In section |8] we argue that there is no loss of gen- 
erality in working with models with a non-interacting spin (Bakamjian-Thomas 
models) by showing that any model is related to a Bakamjian-Thomas model 
[1] by an S- matrix preserving unitary transformation. In section [9] we consider 
aspects of the relativistic three-nucleon problem. We show how relativistic in- 
variance can be realized by requiring invariance with respect to rotations in the 
rest frame of the three-nucleon system. We also argue that 5*-matrix cluster 
properties is an important additional constraint on the treatment of the spin. 
Finally in section [TU] we discus the relation between the different types of spins 
and experimental observables. 

2 The Poincare group 

The Poincare group is the group of space-time transformations that relate dif- 
ferent inertial frames in the theory of special relativity. In a relativistically 
invariant quantum theory the Poincare group is a symmetry group of the the- 
ory (2]. 

The Poincare group is the group of point transformations that preserve the 
proper time, T a t, or proper distance, d a b, between any two events with space- 
time coordinates x% and , 

- T^t = d lb = ( x a - XbY{x a ~ XbYVn" = ( x a ~ X bf i (!) 



2 



where r] a p is the Minkowski metric with signature (—,+,+,+) and repeated 
4- vector indices are assumed to be summed from to 3. 

The most general point transformation. x^ — s- x' 1 * = f^(x), satisfying ([1]) 
has the form 

x^ X 1 *' = h? v x v + a M , (2) 

where a M is a constant 4-vector, x^ is x^ or x^ and the Lorentz transformation, 
A^j,, is a constant matrix satisfying 

tj^A^A"^ = r} a p. (3) 

The full Poincare group includes Lorentz transformations, A'',,, that are 
not continuously connected to the identity. These transformations involve dis- 
crete space reflections, time reversals, or both. Since time reversal and space 
reflection are not symmetries of the weak interactions, the symmetry group asso- 
ciated with special relativity is the subgroup of Poincare transformations that 
is continuously connected to the identity. This subgroup contains the active 
transformations that can be experimentally realized. In this paper the term 
Poincare group refers to this subgroup. 

It is sometimes useful to represent Poincare transformations using the group 
of complex 2x2 matrices with unit determinant [3], SL(2, C). In this represen- 
tation real four vectors are represented by 2 x 2 Hcrmetian matrices. A basis 
for the 2x2 Hermctian matrices (over the real numbers) are the identity and 
the three Pauli spin matrices 

:= (1,0-x, o- 2 , er 3 ). (4) 

There is a 1-1 correspondence between real four vectors and 2x2 Hermetian 
matrices given by 

X: =-^=U°+S irj) ^Tr^X). (5) 
The determinant of X is the square of the proper time of the vector 

r 2 = dct(X) = (6) 

The most general linear transformation that preserves both the Hermiticity and 
the determinant of X has the form 

X -> X' = AXA t (7) 

where A are complex 2x2 matrices with dct(A) = 1. We have used the nota- 
tion A for these 2x2 matrices because they are related to the 4x4 Lorentz 
transformation K^ v by 

A\ = iTr^A^At). (8) 

This is a 2 to 1 correspondence because both A and —A result in the same A^ 
in ©. This relation between SL(2, C) and the Lorentz group is the same 2 to 1 
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correspondence that one has in relating SU{2) rotations to 5*0(3) rotations. It 
emerges when the SX(2,C) matrices are restricted to the SU{2) subgroup. In 
the 2x2 matrix representation a Poincare transformation has the form 

X -> X' = AXA* + A A = A 1 (9) 

where 

A = a»a„ o" = ^Tr(Aa^). (10) 

Elements of the Poincare group are pairs (A M „,a'') or equivalently (A, A). 
The group product is 

(A^,4)(A^X) - (A£ a A?„,A£,,a? + a£) (11) 

or equivalently 

(A a , A 2 )(Ai, Ax) = (A 2 A X , A 2 A x A| + A 2 ). (12) 
The identity is (77%, 0) or (1,0), and the inverse is 

((A- 1 )^,-(A- 1 )%^) (13) 



or 

(A- 1 ,-A- 1 AA t - 1 ). (14) 
The most general 2x2 matrix with unit determinant has the form 

A(z) = e z tT = cosh(z) + - sinh(z)z ■ a , (15) 

where z is a complex 3- vector and z = \/^2 k zf, is a complex scalar. The 
branch of the square root does not matter because both i sinh(z) and cosh(z) 
are even in z. This representation can be understood by noting that the arc 
a basis (over the complex numbers) for all complex matrices and det(e z <T ' J ) = 
e *"Tr(<r M ) = e 2z° wMch ig i f or z o — o. 

It is easy to see that the matrices A(z) correspond to Lorentz transformations 
that are continuously connected to the identity because 

A(Az) = e Xza (16) 

is a Lorentz transformation for all A and it continuously approaches the identity 
as A varies between 1 and 0. The 50(3, 1) Lorentz transformation constructed 
by using f|16j) in ([5J is also continuously connected to the identity. 

When z = p/2 is a real vector, A(p/2) is a positive matrix (Hermetian with 
positive eigenvalues). It corresponds to a rotationless Lorentz transformation 
in the direction p with rapidity p: 

e ™ _> e \p° = cosh(p/2)+p-<Tsinh(p/2). (17) 
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Using Eq. (JTTJ) in ([5]) leads to the four-vector form of this transformation 



x' = x + psinh(p)x° + p(cosh(p) — l)(p ■ x) 
x° = cosh(p)x° + sinh(,o)(p • x) 
P = V?- (18) 

If we make the identifications p/m = psinh(p) = 7/3 and p°/m = cosh(/5) = 
7 this Lorentz transformation can also be parameterized by the transformed 
momentum of a mass m particle initially at rest as 



(A c (p)yv= m m . (19) 




Equations (|17I18|) and (|19p arc different ways of parameterizing the same Lorentz 
transformation. We refer to this transformation as a rotationless or canonical 
Lorentz boost, hence the subscript c. 

When z = i0/2 is an imaginary vector, A(z) is unitary and corresponds to a 
rotation about the axis through an angle 8 
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= cos(0/2) + i0 ■ a sin(0/2). (20) 



Again using Eq. ([2"U1) in (0) leads to 

x' = cos(6»)x + sin(0)(x x 0) + (1 - cos(0))0(0 • x). (21) 

A rotation about any axis by 27r transforms A(z) to — A(z) which corresponds 
to the same A M „ in ©. 

Since any SL{2, C) matrix A has a polar decomposition: 

A = PU P=(AA t ) 1 / 2 U ={AA^)- 1 ' 2 A (22) 



or 



A = U'P' P' = {A^A) 1/2 U' = A(A^ A)- 1/2 (23) 

into the product of a positive Hermetian matrix P and a unitary matrix U, every 
Lorentz transformation can be decomposed into the product of a canonical boost 
and a rotation, in either order. The boost and rotation are the matrices P(P') 
and U(U'), respectively, in (|22j|23p . 

In what follows we use the notation V to refer to both the group of Poincare 
transformations connected to the identity and the group inhomogeneous SL(2, C). 
V is a ten parameter group; six parameters are needed to fix the complex 3- 
vector z in A(z), and four additional parameters are needed to fix a M . 

One important property of the group SL(2, C) that is relevant for the treat- 
ment of spin in Lorentz covariant theories is that A(z) and A(z)* are inequivalent 
representations of SX(2,C), which means that there are no constant matrices 
C satisfying 

CA(z)C- 1 = A(z)* (24) 
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for all z. This is distinct from the subgroup SU{2) (rotations) where for A = 
R G SU(2) 

a 2 Ra 2 =R*. (25) 



This observation is related to the appearance of four-component spinors in 
Lorentz covariant theories. The reason for this is that 

a2X * CT2 = ( -x 1 -ix 1 x° +J ) (26) 

represents space reflection in the 2x2 matrix representation (JSJ) - Because 
space reflection (|26p involves both a similarity transformation and a complex 
conjugation, the space reflected vector transforms under an inequivalent complex 
conjugate representation of SL(2,C). In order to realize space reflection as a 
linear transformation in Lorentz covariant theories it is necessary to double the 
dimension of the representation space by including the direct sum of a space 
that transforms with the complex conjugate representation of SL(2,C). These 
considerations do not apply to Poincare covariant representations because the 
little group, SU(2), is equivalent (|25|) to its conjugate representation. This will 
be discussed in section H3 
To show (J25) note 

a 2 Ra 2 = a 2 ei 6a a 2 = e^" 72 "" 2 = e - **** = R*. (27) 

To prove that no matrix C satisfying (|24j) exists, assume by contradiction that 
there is such a matrix. Let z = x be real and then let z = iy be imaginary. 
Differentiating both sides of equation (|24[) with respect to xi and then yi and 
setting Zi — X{ — or Zi — yi = gives 

Ccr.C*" 1 = cr* and Ca l C~ 1 =-a*. (28) 

Adding these equations gives C<JiC~ l = which is impossible for product of 
three invertible matrices, contradicting the assumed existence of such a C. 

3 Operators 

Wigner showed that the Poincare symmetry in a quantum theory is realized 
by a unitary ray representation, U(A,a), of the Poincare group. Bargmann j4j 
showed that the ray representation can be replaced by a single-valued unitary 
representation of inhomogeneous SX(2,C), satisfying 

U(A 2 , A 2 )Z7(Ai,A 1 ) = E^AaAi, A 2 A 1 A\ + A 2 ). (29) 

The infinitesimal generators of this representation form a source of an irreducible 
set of operators on the model Hilbert space. 

Because the Poincare group is a ten parameter group there are ten indepen- 
dent unitary one-parameter groups associated with space translations (3), time 
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translations (1), rotations (3), and rotationless Lorentz transformations (3). 
The ten parameters can be chosen as the space-time translation parameters a M , 
three angles of rotation and the rapidities p in three independent directions. 
One can see from the inhomogeneous SL(2, C) representation (fT2|) that these 



define one-parameter groups: 

(I,A 2 )(I,A 1 ) = (I,A 1 +A 2 ) (30) 

(e 1 ^, 0)(e l ^ s - ff , 0) = (e 1 ^^ , 0) (31) 

(e^ a , 0)(e* 6 <T , 0) = (e^^, 0). (32) 



The unitary representation of these one-parameter groups have self-adjoint in- 
finitesimal generators P, H, 3, and K, that can be obtained by differentiating 
with respect to the appropriate parameter. Equivalently, the one-parameter 
groups can be expressed directly as exponentials of these generators: 



U[I,(0,\k)] =e~ lXkp (33) 

U[I,(a°,0)] =e ia ° H (34) 

U[A(iX0/2),O] = e lA * J (35) 

C/[A(Ap/2),0] = e iA ^- K . (36) 



These generators are the linear momentum operators, P, Hamiltonian, H , an- 
gular momentum operators, J, and rotationless Lorentz boost generators, K. 
These designations follow from the commutation relations which show that both 
the linear momentum P and angular momentum J commute with H and are 
thus conserved. 

The commutation relations and transformation properties of the generators 
follow from the group representation property. To construct the commutator of 
the generators of the one-parameter groups 172(^2) and gi{Xi) with parameters 
A2 and Ai use the group representation property to express the product as: 

U^g 1 (X 1 )}U[g 2 (X 2 )}U[g 1 (X 1 )] = C/[ 5l (-A 1 ) 52 (A2) 5 i(Ai)] . (37) 

Taking the second derivative g A "g A2 of this expression and setting Xi = X 2 = 
gives the commutator of the generators of the unitary one parameter groups 
£^[.92^2)] and U[gi(Xi)]. For example, to calculate the commutator of P l with 
K° use the group representation property to express the product of the three 
transformations as a single transformation: 

U(A,0)U(I, (0,a))C/(A-\0) = U{I,Aa). (38) 

The commutator between P l and K 3 can be determined by considering infinites- 
imal transformations 

U(A, 0) -> e ip K = I + ip ■ K + ■ • ■ (39) 
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U(I, (0, a)) -> e"' a - p = I - ia ■ P + • • • (40) 

£/(A-\0) -> e"^* = I-ip- K + ••• (41) 

Aa= (sinh( /9 )(p-a),a+p(cosh(p)-l)(p-a)) (0, a) + (p(p- a), 0) + • • ■ . (42) 

To compute the commutator between P* and if 7 expand both sides of ([55)1 using 
(|39ti42|) to leading order in p and a 

U(A, 0)17(1, (0, a))[/(A-\ 0) = 7 - ia • P - (ifaY (K j P i - P l K 3 ) + ■■■ = 

U(I, Aa) = 7 - ia • P + //-M„„'// + • • • . (43) 
Equating the coefficient of a 1 /* 7 gives 

/v'./" <-<M/. (44) 

The 45 commutation relations involving all ten generators can be computed 
using different pairs of unitary one-parameter groups. 

The group representation property (|29p also implies transformation prop- 
erties of the infinitesimal generators. For example if we set A' = 7 the group 
representation properties give 

U{A, a)U(A\ a')U{A-\ -A^a) = U(AA' A^ 1 , Aa'A^ - AA'A^A^a + a) 

[/(A, a)U(I, a')U(A-\ -A _1 a) = U(I, Aa'A f - a + a). (45) 

The parameter a' only appears in the translation generators on both sides of 
(|4"5|) . Differentiating with respect to a'^ and setting a'^ = gives 

t/(A, a)(i7, P)"l7t(A > a) = (A~ 1 ) fJ -„(H, P) v = (77, Pf A,/. (46) 

It shows that the generators H and P transform like components of a four- vector 
under Lorentz transformations. This four vector is the four momentum: 

P" = (#,P). (47) 

Similarly, letting U(A', a') — > {/ (A', 0) in the first line of (j4"5"j) and differentiating 
with respect to angle or rapidity shows that the six Lorentz generators transform 
as an antisymmetric tensor operator 



f 


-K x 




-K z \ 


K x 





j z 




K v 







j x 


\ K z 


j y 


-j x 


o J 



(48) 



The transformation properties of these operators can be compactly summarized 
by the covariant forms of the transformation laws 

U(A, ajP^U^A, a) = P v A v t " (49) 
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U(A, a)J^U f (A, a) = {J afi - a a pP + a^P a )A a ^A^ (50) 
and the commutation relations for the infinitesimal generators 

[J*", J ati ] = i{^ a J VfS - T] Ua J^ + lf P J> ia - ^ fi J Va ) (51) 

[p", j aP \ = i{n^P a - if* p ) (52) 

[P",P"]=0. (53) 

The spin is associated with another four vector that is a quadratic polynomial 
in the generators, called the Pauli-Lubanski vector [5], defined by 

W = ~^P v J aP . (54) 

The commutation relations 

[W", W v ] = ie^ va!3 W a Pp (55) 
[W i ,P v ] = (56) 

follow from (j5lT53| . 

The Poincare Lie-algebra has two independent polynomial invariants [2] 
which are the square of the invariant mass (rest energy) of the system, 

M 2 = -v^P"P u , (57) 
and the square of the Pauli-Lubanski vector 

W 2 = rj^W^W u . (58) 

When M 2 ^ the spin is related to the invariants M 2 and W 2 by 

j 2 = W 2 /M 2 . (59) 

For massive systems (M > 0) the invariant W 2 is replaced by the spin j 2 of 
the system. The operators are invariant because they commute with all of the 
Poincare generators. 



4 Spin and irreducible representations 

Wigner j2] classified the unitary irreducible representations of the Poincare 
group. His classification was based on the observation that Lorentz transforma- 
tions can be used to transform an arbitrary four vector to one of six standard 
forms. This divides the set of four vectors into six disjoint Lorentz invariant 
equivalence classes. These familiar equivalence classes arc time-like positive 
time, time-like negative time, light-like positive time, light-like negative time, 
space-like, and zero. Every four vector is a member of one of these six classes. 
Standard vectors, which are arbitrary but fixed vectors in each class, are given 
in Table [T] For each standard vector there is a little group, which is the sub- 
group of the Lorentz group that leaves that standard vector invariant. The little 
groups for each of the standard vectors are given in Table [T] 
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Table 1: The little groups for each of the standard vectors. 



class 


standard vector 


little group 


P 2 = - 


M 2 < 0; P° > 


p% = (M, 0,0,0) 


SO(3) 


P 2 = - 


M 2 < 0;P° < 


K = (-m, 0,0,0) 


SO(3) 


P 2 


= 0; P° > 


# = (1,0,0,1) 


E(2) 


p2 


= 0; P° < 


# = (-1,0,0,1) 


E(2) 


P 2 = 


-M 2 = N 2 > 


# = (0,0,0,7V) 


SO(2,l) 




P^ = 


= (0,0,0,0) 


SO(3,l) 



In Table [T] SO (3) is the group of rotations in three dimensions, E(2) is the 
Euclidean group in two dimensions, SO{2, 1) is the Lorentz group in 2 + 1 di- 
mensions, and 5*0(3, 1) is the Lorentz group in 3 + 1 dimensions. Irreducible 
representations of the little groups are used as labels for the irreducible repre- 
sentation of the Poincare group. The treatment of each of the six little groups 
is different and is not relevant to our treatment of particle spins. The interested 
reader is referred to Wigner's original paper [2]. 

For particles the relevant four vector is the particle's four momentum, which 
is a time-like positive-energy four vector for massive particles or a light-like 
positive-energy four vector for massless particles. 

For a particle of mass m > the most natural choice for the standard vector 
p s is the rest four momentum p s = Pa = (m,0). The little group for po is 
the rotation group. If a particle at rest is observed in a rotated frame, the 
particle remains at rest but the spin of the particle will be rotated relative to 
the spin observed in the original frame. The particle's spin degrees of freedom 
are associated with irreducible representations of SO(3), the little group that 
leaves p s = pa unchanged. 

The treatment of spin in relativistic quantum mechanics is slightly more 
complicated than it is in non-relativistic quantum mechanics. The relevant 
complication is because the commutator of two different rotationless Lorentz 
boost generators, [K k , K l ] = —ie m J m , gives a rotation generator. This means 
the sequences of rotationless Lorentz boosts can generate rotations. If we define 
the spin of a particle to be the spin measured in the particle's rest frame, 
then its spin seen by an observer in any other frame will depend on both the 
momentum of the particle in the transformed frame and the specific Lorentz 
transformation relating the two frames. To get an unambiguous definition of 
a spin observable it is necessary to specify both the frame where the spin is 
defined (or measured) and a set of standard Lorentz transformations relating 
a frame where the particle has momentum p to the frame where the spin is 
defined (or measured) . The result is that there are an infinite number of possible 
choices of spin observables in relativistic quantum mechanics. Some common 
spin observables are the canonical spin, the light-front spin, and the helicity. 
While all of the spins that we will consider satisfy SU (2) commutation relations, 
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the most useful choices are characterized by different simplifying properties. The 
different spin observables are related by momentum-dependent rotations. 

In this section we discuss the general structure of spin operators in Poincare 
invariant quantum mechanics. We will define spin operators as operator- valued 
functions of the infinitesimal generators. We begin by assuming that we are 
given a fixed standard vector p s with p 2 — — m? and p° > 0. The standard 
vector does not have to be the rest vector, p . We also assume that we are 
given a parameterized set of Lorentz transformations, A s (p), that transform the 
standard vector, p s , to any other four vector p with p 2 = —m 2 , 

A s ( P r,p:=p' 1 - (so) 

The choice of A s (p) and p s are arbitrary, subject to the constraints p 2 s = —to 2 , 
p° s >0 and ([50]). 

For example, one possible choice is p s = po an d A s (p) = A c (p), the ro- 
tationless Lorentz transformation (|19[) with rapidity p = psinh _1 (^), that 
transforms p to p. 

The next step is to make A s (p) into a Lorentz transformation valued operator 
by replacing p in the expression for A s (p) by the four- momentum operator P (we 
use underlines to indicate operators in this section). For example, for A s (p) = 
A c (p) given in (|19l) . the matrix of operators becomes 

/ H/M PJM PJM PJM \ 

p„p„ E- c E-v p„p. 



A^(P) 



PJM 

PJM 



M_(M_+H) M{AL+H_) ALijM+K) 



-yi— M(K+K) M(K+K) M(M.+M) 

p,p~ ZZp.,, -, , p.p. 



(61) 



\ Rx/M. M.(M+K) ALIM+M.) ^ AliM+K) 

More generally we define 

A 0s (P) = A s (P)Aj( Po ). (62) 

Here the first transformation, A^ 1 ^), is a constant matrix that transforms 
the constant 4- vector po to the constant standard 4- vector p s . The second trans- 
form is a matrix of operators that maps p s to the operator P. The first matrix 
is the identity when p s = po- The combined transformation (|62[) is still a boost 
valued operator that transforms po to P. The reason for discussing this more 
general case of spins with p s ^ po is that a similar type of spin arises naturally 
in composite systems when spins are coupled in the many-body problem (see 
(|152p ). In the many-body case it is natural to choose p s to be the momentum of 
the particle in the rest frame of the system rather than in the rest momentum 
of the particle. In the many-body case the constant transformation Aj 1 ^) in 
(|62[) is replaced by an operator- valued transformation that transforms a particle 
at rest to its momentum in the rest frame of the system. This transformation 
is operator-valued because the momentum of the particle in the system's rest 
frame is an independent variable. These spin observables have the advantage 
that they can be added with ordinary SU (2) Clebsch-Gordan coefficients. This 
will be illustrated in section [6] 
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Given the operator A ^(P) we define the s-spin operator 



(OJJ = ^(PYvW u = -^^{E-Y^pUm- ( 63 ) 



Note that all three components of j are well-defined Hermetian operators because 
the mass, all components of the four momentum, and the Pauli-Lubanski vector 
are Hermetian and commute, (|53I56|) . The definition (|63|) of j depends on both 
the choice of a standard vector p s and a standard boost A s (p). 

The most familiar choices of s are associated with canonical spin, helicity, 
and light-front spin. For the canonical spin the standard boost A s (p) = A c (p) is 
given by (|T9)) . For the helicity the standard boost is A/,(p) = A c (p)R(p 4— z) = 
i?(p <— z)A c (zp), where R(p z) is a rotation about the axis z x p through 
an angle cos _1 (z • p). For the light-front spin the SL(2, C) representation of the 
standard boost is 



A /W=( oUc !/«)=( HI I- (64) 



Each of these choices has simplifying features that are advantageous for certain 
problems. These examples will be discussed in more detail in the next section. 

Note that if the operator j s is applied to an eigenstate of the four momentum 
with eigenvalue p$ = (m, 0, 0, 0) then on this state the operator Aos(P) becomes 
the identity and P Q becomes pg. It follows that j s becomes j\ = Jjk which 
is the total angular momentum. This is consistent with the interpretation of the 
spin as the angular momentum in the particle's rest frame. In the relativistic 
case different spin operators are distinguished by the transformation used to get 
to the particles rest frame. These spins are normally identified in the particle's 
rest frame. 

The spin (|63|) looks like it should be a set of four operators that transform as 
the components of a four vector because it has the form of a four-vector operator, 
W^, multiplied by the product of a Lorentz transformation A^, (P)^ and a 
scalar, 1/m. Because of this it may be surprising that it has no zero-component. 
The reason that the spin is not a four- vector operator is because A S (P) is a 
Lorentz transform valued operator rather than a Lorentz transformation, so it 
corresponds to a different Lorentz transformation for each value of p. To see 
explicitly how the zero component vanishes assume that j s acts on an eigenstate 
of the four momentum. Then the four-momentum P operators are replaced by 
the components of the four-momentum eigenvalue, p, including the P in the 
definition of the Pauli-Lubanski vector: 

(0,j s ) -{K^{p)Y v W v = -±A-^ P r u e^ Pa J^ . (65) 
- s m Ira 

Using the shorthand notation A = A^, (p)%, along with the fact the e pa ^ 1 is a 
constant tensor, 

e pa ^ = e p ' a '^' ' A pl p A a . a A^' Ay 7 = (A _1 ) p p>e p ' a ,/3 ' 7 ' ' A a , a A p ^' A 7 ' 7 (66) 
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or equivalently 

AV PQ/?7 = e^A/A/A^ (67) 

gives 

A%e^P a l M = e*™*A p a V V£»^7- ( 68 ) 
Since A p a p a = —77i5 p o = (— m, 0,0,0) it follows that 

AV p Q/ 3 7£ ^ = jn^nx^A^j^ = m (Q, jj, (69) 

which always has a time component. The index a = arises because the 
only non-vanishing component of the transformed four momentum is the zero 
component. From this expression we obtain the following equivalent formula for 
the s-spin operator: 

f s = \em^{Py^{P)Ki^. (70) 

This spin observable is interpreted as the angular momentum measured in the 
particle's rest frame if the particle is transformed to the rest frame using the 
boost Aq 1 (P) . The index s on the spin operator indicates that it is one of many 
possible spin operators that are functions of the Poincare generators. Spin 
operators associated with different choices, s, t, of boosts are related by 

(oj t r = A ot i (p)^A 0s (£)%(o, j/ = Rts(Er„(o,ir (71) 

where Rts{P) '■= Aq^ (P_)Aq s (P) is a rotation valued function of the momentum 
operators. We refer to rotations that relate different spin observables as gener- 
alized Melosh rotations. The original Melosh rotation [6] is the corresponding 
rotation that relates the light-front and canonical spins. 

In what follows we no longer use an underscore to indicate operators. It 
follows from (|63[) that independent of how the individual components of j s arc 
constructed they satisfy SU(2) commutation relations because, using (1551) . we 
find 

[jU m ] = ^Av s \py^os(pr»[w»,w»} = 

-^A^(P) l ,A^(PT u ie^W a P p . (72) 
Again, because e^" a P is a constant tensor this commutator is equal to 

^e lmn A^{P) n v W v = ie lmn F s . (73) 

We also have 

g = Va0 ±A-l(p)%A- s 1 (p)^W^ = ± Vap W a W? = f. (74) 
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Thus, no matter which choice of p s and Aq s (p) are used to define the spin, 
the components are always Hermetian functions of the Poincare generators, 
commute with the four momentum, satisfy SU (2) commutation relations, and 
the square is always the invariant j 2 = W 2 /M 2 . 

There arc an infinite number of possible spins depending on how one chooses 
Aq s and p s . Which one is measured in an actual experiment is determined by 
how the different spins couple to a classical electromagnetic field. If this is 
known for one type of spin it is easy to determine the corresponding relations 
for any other type of spin. This will be discussed in section [5] 

We are now in a position to construct the irreducible representation spaces 
that we use to describe the states of massive particles. In addition to the mass 
and the square of the spin, three independent components of the four momentum 
and one component of any spin vector, for example z • j s , define a maximal 
set of commuting Hermetian functions of the generators. The simultaneous 
measurement of these quantities also determine the state of a particle of that 
mass and spin. Once the spin j 2 is fixed, the spectrum of both j 2 and z ■ j s is 
fixed by the SU{2) commutation relations. The SU(2) commutation relations 
imply that the eigenvalues y, of z • j s range from — j to j in integer steps while 
the eigenvalues of j 2 are j(j + 1) for j integer or half integer. The spectrum of 
the three space components of the linear momentum are fixed to be (— oo, oo) by 
the covariance relation (|46|) . The subscript s indicates that /i is an eigenvalue 
of z • j s . Since j 2 = j 2 , the total spin does not depend on the choice of j s . 

For fixed mass m and spin j we define the mass m spin j irreducible repre- 
sentation space to be the space of square integrable functions 



The irreducible basis vectors for this space, \(m,j)p,(J,) s , are the simulta- 
neous eigenstates of M, j 2 , p, and z • j s . We use the subscript s on the basis 
vectors to emphasize that the magnetic quantum number fi is an eigenvalue of 
j s • z and j s defined in (|75jl depends on the choice of p s and A s (p). 

To show that this Hilbert space is an irreducible representation space for 
the Poincare group we first calculate the unitary representation of the Poincare 
group on this space. 

We begin by considering the action of the little group on the basis vectors 
|(m, j)p s , m) s when p is the standard vector p = p s . 

When p s 7^ the representation of the rotation group that leaves p s invariant 
is related to the standard SO(3) representations by a constant boost that acts 
as a similarity transform: 



i>(P,(*) =s ((m,j)p,iJ,\ip) 



(75) 



with inner product 




(76) 



Rs = K 



(p )RA s ( Po ). 



(77) 
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We consider the action of U(R S , 0) on vectors of the form \(m,j)p s , fj) s - Because 
R s is an element of the little group, it will not change p s . The result of this 
operator will be a linear combination of states with the same p s , but different 
magnetic quantum numbers. Formally 

3 

U(R s ,0)\(m,j)p s ,fj) s = \(m,j)p s ,p) ss {(m,j)u\U(R s ,0)\(m,j)iJ,) Ps (78) 
where 

,((m,j)v\U(R a ,0)\{m,j) f t) p . := 
s{(m, j)p, v\U (R a , 0) | (to, j)p s , fi) s dp = 

- i ((m,j)p,iy\U(A; 1 ( Po ),0)U(R,0)U(A s (p o ),0)\(mJ)p s ,fi) s dp = 

— -8{A s ( Po )p - A s ( Po )p s )Dl fl (R)dp = 

IPs J 

J 6(p - Ps )Di^R)dp = D^(R) (79) 



with u) m (p s ) = vpf+w?. Dl^(R) are the ordinary finite dimensional unitary 
irreducible representations [7] of the rotation group 

Tfi, (R)=y2 [C7+M , )l(i-M , )I(j+M)!(3-M)I] 1/a „ 



(j + - - n' + n)l(p -p-v)\ 



R\X»'- v R\ 2 R v ^^R^-» , (80) 
where Rij are the SU(2) matrix elements 

R = S ° = ( ) . (81) 



R-2i Rti 

Equation ([75)1 can also be understood by considering the transformation prop- 
erties of j s under rotations. Using the definition of the s-spin gives 

[/ t (i? s ,0)(0J s )C/(i? s ,0)|(™,j)p.„M) s = 

-{A s {p Q )A- x {R s p s )R s W) v \(jn, 3 )p s ^) s . (82) 
to 

Using the identities ([77)1 and A s (R s p s ) = A s (p s ) = /, (|82l) becomes 

= -(A s (p )A; 1 (po)i?A s (p )^) ,y |(™,j)p s ,M>, 
m 

= fl- (A s (po) A; 1 (P)wy I (to, j) Ps , (i) 3 
m 



15 



= (0,i?j s )|(m,j)p S! M> s (83) 

where we have replaced I = A~ 1 (p s ) = Aj 1 (P) because the operator P acts on 
an eigenstate with eigenvalue p s . Equation (|83p shows that j s transforms like 
an ordinary three-vector, W (R s )j s U(R s ) = i?j s , under rotations when applied 
to |(m, j)p S7 fi) s , which is also consistent with (|75|) . 

Equation ([78]) and (|T9[) lead to the following transformation properties for 
states with the standard momentum with respect to the little group 

3 

U(R s ,0)\(m,j) Ps ,fi) s = \(m,j)p s ,iy) s Dl^R). (84) 
v=-j 

We can also calculate the action of spacetime translations on these standard 
vectors using (|33l) 

U(I,a)\(m,j)p a ,fi) s = e-^- a \(m,j)p s ,^) s . (85) 

The last step needed to construct irreducible representations is to compute the 
action of U(A s (p) 7 0) on the standard states. First we show that U(A s (p), 0)|(m, j)p s 
is an eigenstate of P M with eigenvalue p^. To show this use ([4"T]) to get 

P»U(A s (p),0)\(™,j)Ps,v)s = 

U(A s (p), 0)t/+(A s (p), 0)P"l7(A,(p), 0)|(to, j) Ps , ,i) s = 

C/(A S (p) , 0) A s (p)"^ | (m, j)p s , /i) s = p" t/( A s (p) , 0) | (to, j)p s , /i) s , (86) 

which is the desired result. 

Next we show that U(A s (p), 0)|(m, j)p s , is an eigenstate of z • j s with 
eigenvalue /i. Using (|60)) we get 

z • j s E/(A s (p),0)|(m, j)p s ,fj) s = 
U(A S (p) , 0)C/t (A, (p) , 0)z • j s C/(A s (p) , 0) | (m, j)p s , y) , = 

[/(a s (p),o)z.(1a s ( P o)A; 1 (A s (p) Ps )a s (p)^)HKj)p s ,m), 

TO 

= U(A s (p),0)z-(-A s (p o )A; 1 (p)A s (p)Wr\(m,j)p s ^) s = 
m 

U(A 8 (p),0)z-(^A a (p )Wy\(m,j)p s ,[,) 3 . (87) 
Inserting A~ 1 (P), which is the identity on the standard basis state, (|8T[) becomes 

C/(A s (p),0)z.(-A s (p o )A; 1 (F)W r )HK. J )p s ,M) s = 

TO 

t/(A s (p),0)z-j s |(m,i)p s ,M) s = /x?7(A s (p),0)|(TO,i)p s ,M) s , (88) 
which is the desired result. 
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It follows from and ([58)1 that U(A s (p),0)\(m, j)p s ,fj)s is a simultaneous 
eigenstate of j 2 , z • j s , p, and m. Thus it is proportional to \(m, j)p, /i) s . The 
constant factor is fixed up to phase by the requirement that U(A s (p),0) is uni- 
tary. If we normalize the states to give Dirac delta functions in the momentum 
variables and choose the phase so that the constant factor is real and positive 
then the normalization constant is fixed by 

5(p' - p) =, ((m, j)p', ii\tf(A, 0)U(A, 0)|(m, j)p, n). 

= \c\H{Ap' - Ap) = |c| 2 ||^|<5(p' - P) (89) 

which gives 

dAp l/2 u m (Ap) 1/2 
' ' dp 1 1 w TO (p) 1 ' 

Thus unitarity and an assumed delta function normalization imply the trans 
formation property 



(90) 



[/(A s ( p ),0)|Kj) Ps , m ) s - \( m J) p ,riJ^jP\. (91) 

y &m\Ps) 

We see that on these states the little group rotates the spin operator leaving p s 
invariant, while A s (p) changes the momentum from the standard value to any 
other value without changing the z-component of the s-spin. 

Using the elementary transformations (|84I85|) and (|9Tj) . we can construct 
the action of an arbitrary Poincare transformation on any basis state. To do 
this note that for any p any Lorentz transformation can be decomposed into the 
following product 

A = A s (Ap)Aj 1 (Ap) A A s (p) A~ 1 (p) , (92) 
where the s-spin Wigner rotation, 

A- 1 (Ap)AA s (p):=R ws (A,p) (93) 
is an element of the little group associated with p s since it maps p s to p s . Thus 
U(A,a)\(m,j)p,n) B = U (A, 0)U(I, A _1 a)|(m, j)p, fi) a = 

e - iA " lo -fC/(A J 0)|(m,i)p J /i) s = 
e -<(A- 1 -)-P Cr ( Aa ( Aj ,) j o)cr( J R U)a (A,p),0)Cr(A7 1 ( P ),0)|(m,j)p,/*) a = 



-^U{A s {Ap), 0)U(R ws (A,p), 0)|(m,i)p S)M ) s W^^. (94) 

V w m (p) 



Using 



\(m,j)p s ,(,) a = [/(A s - 1 (p o ),0)|(m,j)po,^> s \ ^ 
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and the fact that A s (po)R ws (A,p)A s 1 (po) is a rotation, becomes: 
£ e^ a - A PU(A s (Ap),0)\(m,j)p s ^) s Di^ s [A s (p )RUKp)K\Po)} X 

j 

£ e -^ Ap |(m,j)A^> s I^ 



J 



l u m (p s ) 

w m (p) 



J 



V e- M - A P|(m,j^Ap^) s ^[A s (p )i? ws (A,p)A; 1 (p )]J^^. (96) 



Thus the general form of any finite Poincare transformation in this representa- 
tion of the Hilbcrt space is 

U(A,a)\(m,j)p,(i) s = 



e- M - A P|(m,j^Ap^) s ^[A s (po)^ s (A,p)A; 1 (po)]J i ^^. (97) 

v=-j V Um \P) 

By construction it is apparent that it is possible to start from the highest weight, 
H = j, spin state with standard momentum p = p s and generate all of the 
basis vectors in the Hilbert space using only Poincare transformations. This 
establishes the irreducibility of this representation. 

It is useful to introduce for the Wigner functions of the Poincare group a 
notation that is similar to the notation used for Wigner functions of the rotation 
group: 

s((m,j)p',n'\U(A,a)\(m, j)p,p) s = 



e- ia ^S(p'-Ap)V j [A s (p )i? tts (A,p)A- 1 ( Po )]J^M. (98 ) 

Note that the Poincare group Wigner functions are basis dependent. 
Using this notation (|9"T|) can be written as 



U(A,a)\(m,j)p,fx) s = ]T J dp'\(m,j)p' ,u) s V^, v . w [A,a\. 



(99) 



A consequence of definition (|98|) is that these Poincare group Wigner functions 
are explicit unitary representations of the Poincare group. They satisfy the 
group representation property 

J dp" £ ^ ipfV 4A 2 ,a 2 ]2?^ v , ;pM [A lj o 1 ] = 
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K.^'; W [^,A 2 a l+ a 2 ] (100) 

and unitarity 

dp" E ^v,. pV [A,a]^ v , ;pM [A,a] = 5(p'-p)V,- (101) 

l*"=—3 

In dealing with electromagnetic interactions where the coupling of the spin to 
a magnetic field is known for one type of spin, say the s-spin, and the dynamics 
is given in a basis with a different type of spin, say the i-spin, the transformation 
from a basis associated with the standard vector p s and standard boost A s (p) to 
the basis associated with the pair, p t and A t (p), is needed. The corresponding 
spin operators are 

(0,j s ) = ^Ao/GQMT (102) 

and 

(0,j t ) = ^A -/(P)Mr , (103) 

where 

A - 1 (Z)=A s (p )A; 1 (P) (104) 

and 

A - t 1 (£) = A t (p )Ar 1 (£). (105) 

When p = po (i.e. p = 0) we have the identity A^(p ) = A^^po) = I. This 
means that 

3s\(m, i)po,M>s = it\(m,j)p ,fj)t = (W/m)|(m, j)p , A*). (106) 

This is because the spin operators (|102[) and (|103[) are defined so they are 
identical when they are applied to zero- momentum, p = Po = 0: 

\(m,j)0,n). = |(m,i)0,/x)t. (107) 

It follows that 



\(m,j)p,(i) s = U(A„(p),Q)\(m,j)p a ,fj) a 



= (7(A s (p),0)t/(A; 1 ( Po ),0)|(m,j)0, At ) s 



-C/(A s (p),0)[/(A; 1 ( Po ),0)|(m,i)0, M ) t 



= U(A s (p),0)U(A- 1 (p o ),0)U(A t (p o ), 0)\(m,j)p t ^) t 
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= U(A s (p),0)U(A; 1 ( P o),0)U(A t ( Po ),0)U(Ai 1 (p),0)\(m, J )p,ri t 
= U(A 3 {p)A; 1 (p )A t (p )A^{p),0)\(m,j)p,f,) t 

= E / l(m,J>^/,0 ^ rfpXp>';p; A1 [A S (^')A," 1 (Po)A ^ (po)A^ 1 (p),O] 
m'=-j 

= J2 IKj)p ) ^')t^[AS 1 (p)Ao.(p)] , (108) 

H'=—3 

where for the last step we used (|98|) and A s (p)Aj 1 (p )A t (po)A t " 1 (p)p = p. This 
shows these bases differ by a momentum-dependent generalized Melosh rotation 

The relation (fTUS)) is 

j 

|(m,j) P) A*).= E IKjOp.^^IAq/WAo^)] ■ (109) 

f'=-J 

This section illustrated the general structure of positive-mass positive-energy 
irreducible representations of the Poincare group. We started with a complete 
set of commuting Hcrmctian operators constructed as functions of the Poincare 
generators. The spectrum of all of the commuting observables was fixed once 
the spectrum of m and j 2 was fixed. A representation of the Hilbert space was 
defined by square integrable functions of the eigenvalues of these commuting 
observables over their spectra. On each space associated with a fixed mass and 
spin we constructed an irreducible unitary representation of the Poincare group. 

In this construction we found that there are many different observables that 
behave like spins. They are all non- linear functions of the Poincare generators 
satisfying SU (2) commutation relations. It is also possible to change the choice 
of independent continuous variables. Different choices of commuting continu- 
ous variables (linear momentum, four velocity, light-front components of the 
momentum) along with the appropriate choice of spin variable are relevant in 
dynamical models based on Dirac's forms of dynamics [8]. 

The construction of both the irreducible representation and the represen- 
tation space can be done for many-body systems in the same way that it was 
done for single particles. The idea is to use the elementary transformations 
(|84I85|) and (|9"Tj) . with eigenstates of commuting observables constructed from 
the many-body generators. To do this it is necessary to decompose states with 
total p — p s into irreducible representations of the little group. The main differ- 
ence is that the mass will generally have a continuous spectrum and there may 
be multiple copies of representations of given mass and spin. 

5 Examples 

In this section we discuss the three most common spin observables and discuss 
the properties that distinguish each of them. 
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In the previous section we introduced a large number of different types of 
observables which we identified as spins. Each of these were functions of the 
Poincare generators satisfying SU (2) commutation relations and commuting 
with the linear momentum. All have the same square, which is W 2 /M 2 , the 
ratio of the two Casimir operators for the Poincare group. Each of the spins 
used in applications has some particular property that makes them useful. In 
general different types of spin are characterized by the choice of boost used to 
relate the spin of a particle (system) with momentum p to the spin in a standard 
frame. Specifically the magnetic quantum number remains unchanged when this 
boost is applied to a standard frame eigenstate of the z-component of spin and 
momentum; (|9ip . For the examples in this section we assume that the standard 
vector is the rest vector, p . 

5.1 Canonical spin 

The boost used to define the canonical spin is the rotationless boost (fll))) . Under 
rotations 

j 

u(R,o)\ P ,fi) = J2 \Rp^)Di fl [K 1 (Rp)RMp)}- (no) 

v=—3 

The special property of the canonical boost is that the Wigner rotation (|93D of 
any rotation R is R: 

A- 1 (R P )RA C { P ) = R. (Ill) 

Using this in (|110[) gives 

j 

U(R,0)\p,fi) = J2 \RP^)D^[R}. (112) 

v=-j 

where the argument of the D function is independent of p. This is useful when 
applied to a system of particles with different momenta. Under rotations all 
of the particles transform with the same rotation, independent of their indi- 
vidual momenta. This allows the spins to be coupled with ordinary SU(2) 
Clebsch-Gordan coefficients. For the other types of spins the arguments of the 
D-functions involve Wigner rotations with different values of p. In order to 
couple the spins it is normally necessary first to convert them to canonical spins 
so all spins rotate the same way. 

The identity (jllip is most easily proved in the SU(2) representation, (jTTJ) . 
In this representation A c (p) = e2 z<T with z = psinh _1 (|p|/m). For this proof 
we let boldface R denote a three-dimensional rotation and R denote the corre- 
sponding SU{2) rotation. It follows that 

RA c {p)R) = Re za R^ = e z < R ° R ^ = e z '( R ~ v ) = e Rzff = A c (Rp) , (113) 
where we have used ([7]) for rotations (A — >• R): 

^(R -1 ^ = (R.t)^ = R(x"a^)R^ = x"R(a^RK (114) 
Equation (|113[) and i?T = R- 1 imply the desired result ()111[) . 
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5.2 Helicity 

The helicity [3] is the operator p • j c where j c is the canonical spin. To relate 
this to the formalism derived in section 2] we let R(z — > p) denote the rotation 
about an axis perpendicular to the plane containing z and p that rotates z into 
the direction p. The helicity boost is defined by 

A h (p) = A c (p)R(z ->• p) = R(z p)A c (p,) , (115) 

where p z is the 4- vector with 3-magnitudc |p| in the z direction. 
Helicity eigenstates are related to canonical spin eigenstates by 

j 

\p^) h :=U(R(z^p))\\p\z,^) c = \P,v)cD^[R(z^p)}. (116) 

This equation shows that the generalized Melosh rotation (|71I109|) relating the 
canonical and helicity spins is R(z — y p). 

The helicity spin, j^, defined using the helicity boost in satisfies 

zjh = pj C) (H7) 

which means that the z-componcnt of the helicity spin is the helicity. 
The helicity-spin Wigner rotation is 

R wh (A,p) = R-\z -> p)A ( 7 1 (Ap)AA c (p)i?(z -> p) , (118) 

which is a rotation about the z axis. Thus 



l7(A,0)| Pl /i) fc := \Ap,fi) h e^K , (119) 

y Wm^pj 

where </> is the angle of rotation of the Wigner rotation. Thus the helicity 
eigenvalue is Lorentz invariant. 

The identification of z • with p • j c follows from the calculation 

P- jclp'.^fc - p'-3cU(R(z ->■ P / ))||p'|z,/i)c = 

p' ■ C/(i?(z pO^iT 1 ^ p'))j c U(R(& p'))l| P '|z, M> c = 
U(R(z p'))( P ' • i?.(z P ')jc)||p'|z, M ) c = 
f/(i?(z -> p'))^" 1 ^ -> p')p ) ' jc||p'|i, M) c = 
C/( J R(z^ P '))|p|z-j c ||p'|z,/x) c = 
/it/(i?(z ->■ p / ))||p'|z, At ) c = /ijp'.^h - i-jh\p',n)h ■ (120) 



22 



5.3 Light-front spin 



In the SX(2,C) representation the light- front boosts are represented by the 
three-parameter subgroup of lower triangular matrices with real entries on the 
diagonal. Considering the transformation properties ([7]) for the four momentum 

a \ f m \ / a b — ic \ / ma 2 ma(b — ic) 

b + ic 1/a J \ m )\Q 1/a J~\ ma(b + ic) m(b 2 + c 2 )/a 2 

(121) 

we can identify the parameters of the light-front boost as follows 



ma 2 =p°+p 3 a =J^±^ (122) 
V m 

1 ■ 2 

ma(b — ic) = p — ip b — ic = . (123) 

ma 

Because the light-front boosts form a subgroup, any sequence of light-front 
boosts is the unique light-front boost parameterized by the final momentum of 
the sequence. This means that the Wigncr rotation (|93|) of a light-front boost is 
the identity so the light-front spins remain unchanged under the three parameter 
group of light-front boosts. 

Unlike helicities, the light-front spin is not invariant with respect to rota- 
tions. 



6 Adding spins 

Multiparticlc systems can be described by tensor products of single-particle 
systems. The Hilbcrt space is the tensor product, 

H = ®iH mdi , (124) 

where 'H mi j i are the mass mi spin ji single-particle irreducible representation 
spaces constructed in section H) 

There is a natural representation Uo(A,a) of the Poincare group on this 
space which is the tensor product of the irreducible representations constructed 
in section @] 

U {A,a) = ® i U mdi (A,a). (125) 

Dynamically this representation describes a system of free particles. In this 
representation the infinitesimal generators are sums of the single-particle gen- 
erators. In the s-spin basis this representation has the explicit form 

C/ (A,a)|(mi,ji)pi,^i) s 0- •• <g) |(m J v,iiv)piv ) A t iv) s = 
^2 J dp' 1 ---dp' N \(m 1 ,j 1 )p' 1 ,fi' 1 ) s ®---®\(m N ,jN)p' N ,[J.' N )sX 

^PiM^PlMl 1 ' 1 s:p' N fj,' N ;p N fj, N L ' J 
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e ia-j2 t A Pl ^2 \(m 1 ,j 1 )Api,i/ 1 ) a <8)---\(m N ,j N )A.p N ,v N ) a 



x [] Dt m [A, (po)R ws (A, Pi) A.7 1 (po)] 4/ l , 7 ■ (126) 

. y k-'mj VP? / 

Just like in the case of ordinary rotations, the tensor product of irreducible 
representations of the Poincare group is reducible. Poincare group Clebsch- 
Gordan coefficients are coefficients of a unitary transformation that transforms 
the tensor product into irreducible blocks labeled by many-body mass and spin 
eigenvalues. For non-interacting systems the many-body mass is just the in- 
variant mass of the many-body system. The structure of the Clebsch-Gordan 
coefficients depends on the choice of basis used to define vectors in the irre- 
ducible blocks. They are derived below. 

We start by evaluating the coefficients of the unitary transformation that 
transforms a tensor product of two irreducible representations into a superpo- 
sition of irreducible representations. 

Basis states for the tensor product state are simultaneous eigenstates of the 
mass, spin, linear momentum and magnetic quantum number for each particle 

I (mi, ji)pi,Mi) s ® |(m 2 , j 2 )P2,M2>.s- (127) 

As in the previous section the subscript s indicates choice of spin operator. 

Infinitesimal generators for the combined system are sums of generators for 
the individual constituent particles. The four momentum of the combined sys- 
tem is P = p\ + P2- This is a sum of timelike positive-time vectors so it is a 
timelike positive-time vector. Following what was done for single-particles we 
look at representations of the little group for a standard momentum vector. For 
many-body systems we choose the standard vector to be the zero of the total 
three-momentum vector. 

Tensor product eigenstates with the standard vector for the two-particle 
system P = p s = Po = (M, 0) have the form 

|(mi,ji)k,^i) s <g> I (ma, 32) - K^2) s (128) 

where pi = p 2 := k. We also define 

fci = (w mi (k),k) * 2 = (w roa (k),-k). (129) 

where w mi (k) = ^/k 2 + mf. 

It is useful to decompose the vector k into orbital angular momentum com- 
ponents using spherical harmonics: 

\{m 1 ,j 1 ,m2,j2)k,l, m, Hi, H2) s ■= 
J \(m 1 ,j 1 )k,LL 1 ) s ®\(m 1 ,j 2 )~KV2)sdkYl i (k). (130) 

To construct irreducible representations consider the transformation properties 
of (|130p under rotations (the little group associated with po). 
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Let U(R) = i7i(i?,0) <g> U 2 (R,0). Applying this operator to (pT5U|) gives 
U(R, 0)| (mi, ji,m 2 ,. j 2 )k,l, m, hi, n 2 ) s ■= 

U(R,0) J |(mi,ii)k,M 1 } s ®|(m 2 ,i2)-k, / i 2 ) s dky^ i (k) = 
J |(mi,ji) J Rk,/ii) s (g)|(m 2 ,j2)- J Rk, M2 ) s dkyj ! (k)x 

^ m [A; 1 ( J Rfc 1 )i?A s (fc 1 )]^ Ai2 [A; 1 ( J Rfc 2 ) J RA s (fc 2 )]. (131) 
Changing variables k — ► i? _1 k (|131|) becomes 

^ J |(mi,ii)k, M i) s ®|(m 2 ,i 2 )-k,^) s dky^( J R- 1 k)x 



^ w [A.7 1 (fc 1 )i?A s ( J R- 1 fc 1 )]^| Ai2 [A; 1 (fc 2 )i?A s (i?- 1 fc 2 )]. (132) 
Noting that 

^(fl-ik) = (JT^.w) = (k|tf(ie)|J, W > = £<k|i,^><i,/i{|tf(fl)|i, W ) = 

E^Cty^M (133) 

Eq. (fH2|) becomes 

= / K mi ' ii) k ^i> s ® I (m 2 , j 2 )-k,^) s dky / ij(k)x 

^ M JA; 1 (fc 1 )i?A s (i?- 1 fc 1 )]^| p JA; 1 (fc 2 ) J RA s (i?- 1 fc 2 )] J D^ i [i?]. (134) 

The important observation is that the spins and orbital angular momenta all 
transform with different rotations so they cannot be consistently added with 
ordinary Clebsch-Gordan coefficients. The rotations of the spins are Wigner 
rotations of the rotations that appear in the orbital angular momentum. The 
canonical spin, that uses the rotationless boost (|17ll8ll9p . A s (p) = A c (p), with 
p s = p has the unique feature, (jllip . that the Wigner rotations of any rotation 
is the rotation. This means that for canonical spins (s = c) 

A f T 1 (i?fc 1 )i?A c (fci) = R 

A f T 1 (i?fc 2 )i?A c (fc 2 ) = R (135) 

or equivalently 

A" 1 (fci)i?A c (i?- 1 fc 1 ) = R 

\- 1 (k 2 )RA c (R- 1 k 2 ) = R (136) 
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so all three 5[/(2)-Wigner functions in (|1 34[) have the same arguments, inde- 
pendent of ki. Thus for canonical spin, s = c, we have 



U(R,0)\(m 1 ,j 1 ,m 2 ,j2)k,l,fJ,i,fJ, 1 ,n 2 )c ■= 




D n , [R]D n , [R]D l u , u [R]. (137) 

which has the property that the spins and orbital angular momenta all rotate 
with the same rotation. 

Recall that we initially defined all types of spins so that they agree in the 
particle's rest frame (|106|) . The state (|130p is a rest state of the two-body 
system. Following what was done in the one-body case we assume all of the 
two-body s-spins agree with the canonical spin state (|137[) in the two-body rest 
frame. Since we want to treat the case of coupling any type of spins we use 
generalized Melosh rotations (|71I109[) to express the single-particle canonical 
spin state (|137p in terms of single-particle s-spin states: 

h 

|(mi,ii)k,Mi) c = l("»i.ii)k.Mi>.^„ I [A7 1 (fc 1 )A c (fc 1 )] (138) 

Mi=-Ji 

|(m 2 ,j 2 )-k,// 2 ) c = jr |(m 2 ,j 2 )-k,^)^ M2 [A s - 1 (A :2 )A c (A :2 )]. (139) 

M2 = -J2 

By using (|138[) and (| 139[) in (|137[) the two-body rest canonical spin state can be 
expressed in terms of the single-particle s-spin states as 

| (mi, ji,m 2 , j 2 )M:W)Mi)M2)c := 
J2 J l(^i J ii)k,//i} s <8|(m 2 ,j 2 )-k, M2 ) s dky^(k)x 

M'iM 2 

^ Aii [A s - 1 (fc 1 )A c (fci)]^ M2 [A s - 1 (fc 2 )A c (fc 2 )]. (140) 

This state is identical to the state in (|137[) and it necessarily has the same 
transformation property under rotations. 
Using the property 

E ^V' 1 M^UM0-1^'1,J2,M 2 |J12,M12> = 

m5m 2 

E (h^l,h^2\jl2^'l 2 )D j ^jR] (141) 

Jl2M'l2 
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of the 5/7(2) Clebsch-Gordan coefficients, the spins and orbital angular mo- 
menta can be coupled to a total spin that transform irreducibly under rotations. 
Thus we are led to define the rest states of the system by 

\k,j(mi,ji,m 2 ,j2, 1, s 12 )0, fx} c := 

i 

^2 \(mi,ji,m 2 ,j 2 )k, Z, Hi, n[, fJ,' 2 ) c (ji, Hi, h, /" 2 | S 12, fi s ){l, m, s 12 , fj, s \j, p) = 

HHj \{mJi)K»[)s®\(m 2 J 2 )-K» 2 )sdkYl(k)x 
^,»[A s " 1 (fci)A C (fci)]^^[A; 1 (fc 2 )A c (A :2 )]x 

(ii, (J-'l , 32, H 2 \sr 2 ,Hs) (I, m, S12, n a \j, h). (142) 

It follows from (|137[) and f| 141[) that these vectors transform as spin-j irreducible 
representations with respect to rotations 

U(R,0)\k,j(mi,ji,m 2 ,j 2 ,l,si 2 )0,iJ,)c = 

3 

\k,j(m 1 ,j 1 ,m 2: j 2 ) f i'J,s 12 ) c Dl, ti [R}. (143) 
Note that in this expression k is a function of the invariant mass 



M = yjm( + k 2 + yjmi + k 2 = 

u; mi (k)+w m2 (k). (144) 

This is an irreducible basis for the rest states. Following again what was done 
in the one-particle case, having decomposed the rest states into irreducible rep- 
resentations of the rotation group (little group of po), we define s-spin states 
with arbitrary momentum by applying U(A S (P)) = Ui(A s (P)) <g) U 2 (A S (P)) to 
the rest states. Thus we define the s-states of total momentum P following the 
construction used in (f9Tj) 

\k,j(mx,ji,m 2 ,j 2 ,l,s 12 )P,p,) s := 



U(A s (P) 7 0)\k 7 j(m 1 ,j 1 ,m 2 ,j 2 ,l, Sl2 )O,y) c J , (145) 

V VMo + P 2 

where the square root factors (|89fl90[) imply a <5(P — P') normalization for uni- 
tarity. To calculate the Clebsch-Gordan coefficients we express the irreducible 
basis state (|142l) in terms of tensor products of the single-particle basis states. 
Using (TI121 in (Tl4"5j) gives 

\k,j(m 1 ,j 1 ,m 2 ,j 2 ,l, Si 2 )P, fj,) s = 
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[ U 1 (A s (P),0)\(m 1 J 1 )k,^) s (g>U 2 (A s (P),0)\(m 2 ,j 2 )-k,^) s dkx 

._il ..// .. J 



\l\ ,/jt 2 .fi{ ,fj,^ ,m,fj. s 



yi l (k)Dj K ,[A s - 1 (A ;i )A c (fc 1 )]D^,,[A7 1 (fc 2 )A c (A ;2 )]x 



Mo 



(ii , Mi . J2, 1«i2, Ms) (i, m, S12, Ms li, M) y 

E / l( m l'il)Pl)Ml)» ® l(w2,i2)P2,M2} S C^^m( k ) X 

../ ..// ..II .. ^ 



D^,,[A s - 1 (fci)A c (fc 1 )]^| ;i „[A s - 1 (fc 2 )A c (fc 2 )]x 



(ii , Mi » J2 . Ma I s i2 » Ms ) "t. S12 , M« li. M) 4 / mr-f ^i ' ( 146 ) 

V V M o + p 

where 

Pi = Pi (P,ki)=A s (P)h. (147) 

This equation expresses a two-particle s-spin state as a linear combination 
of tensor products of single s-spin states. The overlap with the single-particle 
s-spin states gives 

s ((TOi,ii)pi ) /ii(m 2 ,i 2 )p2,M2|fc,i(mi,ii,m 2 ,i 2 )P, / u,/, s 12 ) s = 
J S(pi-pi(P 7 k))S(p 2 -p 2 (P,k))dkY^(k)x 

^ 1 iAi ,[ J R MS (A s (P),fc 1 )] J D^ Ai ,,[A; 1 (fc 1 )A c (fc 1 )]x 
^^[^(A S (^)^2)]^|^[A; 1 (fc 2 )A c (fc 2 )]x 
(ii , Mi > h, (4 I s i2> Ms) (ij "i, sia, Ms I j, M) x 



KiW Km (gg) / M) / 14R s 
V u TOl (k) V wm a (k)y VM 2 + P 2 ' 1 J 

This expression is one form of the Poincare group Clcbsch-Gordan coefficient in 
i/ie s-basis. Changing variables from pi and p 2 to P and k inverts all of the 
Jacobians (square root factors) and eliminates the angular integral 

s((m 1 J 1 )p 1 ,^ 1 (m 2 ,j 2 )p 2 ,fi 2 \k,j(m 1 ,j 1 ,m 2 ,j 2 )P,[i,l,s 12 ) s 
£ *(P - Pa - P2) ^" fc fc ( 2 P2 ' P2)) H ( k(p liP2 )X 

/ij ,/X 2 5M2 )/^s ; m 
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Dj iM ,[ J R ws (A s (P),fc 1 )] J Dj K ,[A s - 1 (fc 1 )A c (fc 1 )]x 
^ 2 2 ^[^(A S (^)^ 2 )]^l^[A s - 1 (fc 2 )A c (fc 2 )]x 

(jl, H" , 32, M2 l s 12, Ms) "1, Sl2, /i s |i, /x) x 

/ o, mi (k) J yffi+P* (U9) 

Y w mi ( Pl )Y w m2 (p 2 )V M V ; 

These are the formal expressions for the Poincare group Clebsch-Gordan coef- 
ficients in the s-basis. This construction is based on our convention that all 
different types of one-body spins are identified in the one-body rest frame and 
the different types of many-body spins are identified in the many-body rest 
frame. The quantum numbers I and S12 are degeneracy quantum numbers that 
separate different irreducible representations with the same mass and spin. 

The Poincare group Clebsch-Gordan coefficients have the same relations with 
the Poincare group Wigner functions as the rotation group Clebsch-Gordan 
coefficients have with the rotation group Wigner functions: 

/ ^ dv' v' V mi ' jl \A aW m ' 2 ' j2 \A <zlx 

s((mi, jl)p[, n' 1 (m 2 j2)P2, H 2 \ k > j( m li 3l,m2,j2)P,fJt,l,Sl2)a = 

J y^ y dP'k 2 dk s {(miJi)pi,iJ l i(m2j2)p2,^2\kJ(miJi,m2,j2)P',fJ.',h si 2 ) s x 

^[A.a]. (150) 

If we compare <\14'2\i to (|140[) we see that they differ by a pair of SU{2) 
Clebsch-Gordan coefficients. It has the same structure as a non-relativistic state 
where two single-particle spins are added to an orbital angular momentum to 
get a total spin. In the relativistic case the spins that are added in this way 
differ from the single particle s-spins by the rotations 

R WS {K S (P), fcO^CfcOMfe) = A; 1 (p l )A s (P)A c (fc l ) , (151) 

which are the composition of a Melosh rotation (|71I109|) from the canonical spin 
to the s-spin followed by a Wigner rotation ([93f for the s-boost. 

It is useful to identify the corresponding relativistic spin operators that can 
be added, using the ordinary rules of angular momentum addition, to the orbital 
angular momentum to get the total two-body spin. We define the single-particle 
s-constituent spin operator for particle i by 

j iss := A- 1 (^)A s - 1 (P)A s ( ft )j, s = —K- l (k l )K- l {P)W l . (152) 

rrii 

These single-particle constituent spin operators are actually many-body opera- 
tors because they depend on the total momentum of the system. In Eq. (|152[) 
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the quantities ki, Pi, P, j s , W, and rrn are interpreted as operators. The trans- 
formation A~ 1 (ki)Aj 1 (P)A s (j>i) relating j ss to j s is a momentum-dependent 
rotation. 

The transformation A s (P)A c (fcj) is a boost from the rest frame of particle 
i to its final momentum by first boosting to the standard frame of the many- 
body system followed by a boost to the final momentum of the particle. It 
has the same form as the boost in (|62|) . A s (P)Aj 1 (po), with the constant boost 
A-JHpo) replaced by A c (ki). This has the consequence that the constituent spins 
are defined so that the zero- momentum vector of the many-body system is the 
standard vector. 

The constituent spin operators defined in (|152p have the property that they 
can be added to the orbital angular momentum to get the total s-spin of the 
combined system: 

j, = 1 + ji„ + hs S = 1 + A- 1 (/c 1 )A s - 1 (P)A s ( Pl )j ls + A- 1 (/c 2 )A; 1 (P)A s ( P2 )j 2s , 

_ (153) 

where again the Lorentz transformations above are interpreted as matrices of 
operators. These constituent spins add like ordinary non-relativistic spins, how- 
ever they differ from the corresponding single-particle spins by momentum- 
dependent rotations. The rotations in Eq. (|1 53|) can be factored into the product 
of a generalized Melosh rotation and an s-spin Wigner rotation: 

h = 1+ [A- 1 (fc 1 )A.,(fc 1 )][A s - 1 (A: 1 )A s - 1 (P)A s (p 1 )]ji s + 

[A r : 1 (fc 2 )A s (fc 2 )][A; 1 (fc 2 )A; 1 (P)A s ( P2 )]j 2s . (154) 

This illustrates how to add single particle spins in a composite relativistic sys- 
tem. It is more complicated than the way that they are added in non-relativistic 
systems. 

For the canonical spins basis s = c the Melosh rotations are the identity, 
so the combined rotations in (|1 54[) reduce to a canonical-spin Wigner rotation. 
For light-front spins, since the light-front boosts form a subgroup, the Wigner 
rotations of the light-front boosts become the identity and the combined rota- 
tions in (|154p reduce to a Melosh rotation. This is the origin of introducing the 
Melosh rotation. For the hclicity basis the Melosh rotation is R(z —> p) and 
the Wigner rotations are diagonal and only contribute a phase. For a general 
s-spins the Clebsch-Gordan coefficients have both generalized Melosh rotations 
and s-spin Wigner rotations. 

It is instructive to examine the transformation properties of the constituent 
s-spins under Lorentz transformations. To do this first note the transformation 
property of ki := A~ 1 (P)p i is 

U^(A,0)kiU(A,0) = A- 1 (AP)A Pl = A; 1 (AP)AA s (P)A; 1 (P) Pl = 

A; 1 (AP)AA s (P)fc i . (155) 

This shows that the operators ki are not four-vectors; instead they Wigner 
rotate under Lorentz transformations. We compare this to the transformation 
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properties of j ss given by (|152|l : 



C/ t (A)j ss C/(A) = — A- 1 {A-\AP)AA s (P)k i )A-\AP)AW . (156) 
Using the property (|111|) of canonical boosts, (|156l) becomes 

— a; 1 (ap) aa s (p) a- 1 a; 1 (p) a- 1 a s (ap) a; 1 (ap) aw = 

Tfli 

—A-\AP)AA S (P)A- 1 (k i )A- 1 (P)W = 
rrii 

A- 1 (AP)AA s (P)j ss . (157) 

This is identical to the transformation property (|155|) of fej. It is precisely 
because the constituent spins and relative momentum have the same transfor- 
mation properties with respect to rotations that allows them to be combined. 
The difference between the constituent spins and the single-particle spins is 
that because the standard vector is the zero-momentum vector of the system, 
the Wigner rotations all involve the same boost A s (P) rather than the different 
single-particle boosts, A 3 (pi). 

It is interesting to compare the constituent spin defined in Eq. (|152[) to the 
spin defined in (|62p and (|M|) for the case that p s is the rest frame of the system: 

jss := —A- 1 (k i )A- 1 (P)W i , (158) 
rrii 

is = —A s ( Pa )A- 1 (P)W i . (159) 
rrii 

We see that both correspond to single-particle spins with a standard vector that 
is different than the single-particle rest vector. The only difference is that the 
boost from the standard frame to the rest frame, A~ 1 (ki), involves another 
variable, while the corresponding boost A s (po) involves a constant. 

As a final remark, when coupling spins with Poincarc group Clcbsch-Gordan 
coefficients, the observation that the spins must be first converted to canonical 
spins in the system rest frame before being added means that the Clebsch- 
Gordan coefficients in any s-spin basis are related to the Clebsch-Gordan coeffi- 
cients in the canonical spin basis by applying generalized Melosh rotations to the 
single-particle spins and the total spin. Thus the Clebsch-Gordan coefficients 
in different spin bases are related by 

t((mi, jl)pi,Mm 2 ,j2)p2,M2|fc, j( m l> Jli m 2,j2)P,M,/,Sl2)t = 

E [AT 1 (Pi)A.(pi)]^ [A^(p 2 )A s (p 2 )] x 

s((miJi)pi,^ 1 (m2,j2)p2,^ 2 \k,j(mi,ji,m2,j2)'P,^,l,s 1 2)s^ 

D^^\P)A t (P)}. (160) 
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When the spins are successively added using pairwise coupling in any ba- 
sis, the intermediate state Melosh rotations all identically cancel. It follows, for 
example, if we use s-basis Poincare group Clcbsch-Gordan coefficients to succes- 
sively couple products of s-basis unitary representations of the Poincare group 
to a direct integral of s-basc unitary representations, the results are identical 
to what one would get using c-basis Poincare group Clebsch-Gordan coefficients 
and Melosh rotating the initial and final spin states to the s-basis. Thus the 
effect of combining spins in composite systems is independent of the choice of 
spin basis up to the initial and final Melosh rotations. For example, this means 
that the spin structures of composite systems using canonical spin or light-front 
spin are identical up to a trivial overall change of basis. 

This means that for systems of free particles there is no loss in generality in 
coupling using only canonical spins (or any other type of spin). 



7 Two and four component spinors 

In Poincare invariant quantum mechanics spin-i particles are described using 
two-component spinors while in the Dirac equation they are described by four- 
component spinors. In any experiment there are only two spin states that can be 
measured. In this section we discuss the relation between these two equivalent 
treatments of spin. 

The difference between these two treatments of spin is that the two-component 
spinor description uses irreducible representations of the Poincare group to de- 
scribe particles while the four-component spinor description uses finite-dimensional 
representations of the Lorentz group. 

The connection between these two representations is most easily illustrated 
by taking apart a Wigner rotation and absorbing the momentum-dependent 
boosts into the state vectors. For a spin j particle the action of the Lorentz 
group on an irreducible s-basis state is (|97j) 

(161) 

In what follows we use the fact that the SU (2) Wigner functions, D 3 , [R], which 
are 2j + 1 dimensional representations of SU(2) are also 2j + 1 dimensional 
representations of SL(2, C) when the SU{2) matrix elements, R, are replaced 
by the corresponding SL(2, C) matrix elements, A. 

To show this first note that the group representation property for the D J , [R] 
can be written as 

°= E KA e¥l ' a H-'A ei6 ^-%A e¥l ' ae¥2 '^ ( 162 ) 

i*"=-i 

The right hand side of Eq. (|162[) is an entire function of the three components 
of the two real angles, 9\ and 02- This is because the D^^R] are homogeneous 
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polynomials in the matrix elements of R with real coefficients (|80p . so they are 
entire functions of i?, and the SU(2) rotations, R = ei 8 a , are entire (exponen- 
tial) functions of the angles. It follows that D^i^e^ 6 "] is an entire function of 
the angles. Since Eq. (|162[) is identically zero for all real 9\ and 02, by analytic 
continuation it is identically zero for all complex angles, Oi — > z.;. Since the most 
general SX(2,C) matrix, A = ei' a (|15|) . is an analytic continuation, —iz, 
to a complex angle of an SU{2) matrix, R = e l 2' ff , it follows that 

E KA^'K-A^ = ( 163 ) 

f*"=— j 

This shows that D 3 , [A], given by (|50|) . is a 2j + 1 dimensional representation 
of SL(2, C). While these representations are irreducible, they are no longer 
unitary. 

Using the group representation property (|163j) with respect to SX(2,C) we 
can split up the Wigner function in (|161|) into a product of three distinct parts: 

Dj, M [A.- 1 (Ap)AA a (p)] = E ^JAr^ApJJDj^tAl^IA.Cp)]. (164) 

If we use (|164[) in (|161l) and right multiply by the inverse of the last matrix we 
obtain 

E U(A, 0)| (m, j)p, M % vW<, [A; 1 (p)] = 
/*' 

E |(m,i)Ap/,'0 8 V^^^^[A s - 1 (Ap)] J D^[A]. (165) 

This is completely equivalent to f|161|) . This leads us to define a Lorentz covari- 
ant basis state by 

|(m,j)p,6) :=J2\(^J)P,^')s^^I>l, b [K 1 (p)}- (166) 

Here we use the index notation b to emphasize that it is not a magnetic quantum 
number, even though it has 2j + 1 values. The Hilbert space resolution of the 
identity in this representation is 

1= j E \( m '3)P,^)s dp s ((m,j)p,n\ = 

( E \{rnd)p,b)^Di v [AM^ s (jP)]{{rn,3)p,b>\ . (167) 

The matrix D 3 W [A s {p)A\{p)\ looks like it depends on s, but because A s (p) = 
A c (p)R cs (p) (|71I109|) . the Melosh rotations, R cs (p), cancel giving 

A s (p)At(p) = A c (p)A c ( P y = A 2 c (p) = -p^a, , (168) 



33 



which is a positive (has positive eigenvalues) Hermetian kernel (for timelike 
p) that is independent of s. Here we used the fact that a general boost can 
be expressed as a rotation followed by a canonical boost (|2"2"j) . the fact the 
canonical boosts are positive Hermetian SL(2, C) matrices and the identity = 
cosh(/j)J + p • a sinh(p) = p^a^. Using (|168[) the resolution of the identity (|167j) 
can be expressed in the following manifestly covariant form 

I = [J2 IKj)P,^V(p°)% 2 +m 2 )Dl b ,[p^Jm}((m,j)p 7 b'\. (169) 

^ bb' 

Wightman j 1 01 uses symmetric tensor products of the spin 1/2 representations 
of this form as representations of the irreducible representation of the Poincare 
group. 

This means that if we define covariant wave functions 

1>fab):=({m,j)p,b\1>) (170) 
the Hilbcrt space scalar product is 

(m = J ^f(p,6)dV(p°)(5(p 2 +m 2 )Dl b ,[p^aJm}cj ) (p,b') (171) 

and 

U(A,0)\(m,j)p,b) = \(m,j)Ap,b')Di, b [A] (172) 

is unitary with respect to the inner product (|171|) . Here the wave functions 
are really equivalence classes of functions that agree on the mass shell. The 
presence of non-trivial scalar products is a generic feature of covariant unitary 
representations of the Poincare group. Note the mass is selected by the kernel of 
inner product, which carries all of the dynamical information in this represen- 
tation. In quantum field theory the kernel of the non-trivial scalar products are 
the Wightman functions (i.e. vacuum expectation values of products of fields) 
which also carry all of the dynamical information. 

While Eqs. (|167H172j) contain exactly the same information as (|16ip . the 
Wigner function of the little group is replaced by a momentum-independent 
2j + 1 dimensional representation of SX(2,C). The covariant representation 
has the advantage that it is independent of the choice of the standard vector or 
standard boost that are used in the construction of irreducible representations of 
the Poincare group. The disadvantage is that the finite dimensional irreducible 
representations of the Lorentz group are not unitary and do not admit a linear 
representation of space reflection; however the norm associated with the inner 
product (|17ip with the non-trivial kernel is non-negative. 

To understand origin of the spin doubling in Lorentz covariant theories recall 
that (|23|) implies R = a2R*<J2 for any SU(2) rotation R. Using this identity the 
Wigner rotation R in (|161[) can be replaced by a^TCo-i . Making this replacement 
and repeating steps (|164II167|) we define a new covariant state 

|(m,j)p,6) := \(m,j)p,fx} s V^m(p)D j iib [a 2 A- u (p)a 2 ] , (173) 
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which has the transformation property 

t/(A ) 0)|(m,i)p ) 6> = ^|(m 1 i)Ap 1 6 / }^ ( .[a 2 AV 2 ]. (174) 
b' 

In SU(2) ia2 corresponds to a rotation about the y axis by ir so (|174|) can 
equivalcntly be written as 

C7(A,O)|(m,i)p,6)=^|(m ! i)Ap ! 60^^[^WA*ii:- 1 (7r)]. (175) 

We use the dot on the b index to distinguish the complex-conjugate repre- 
sentation from the original representation. The relevant observation (see the 
discussion following (|27p) is that while the complex-conjugate representation of 
SU(2) is equivalent (related by a constant similarity transformation) to SU(2), 
this is no longer true for SX(2,C). The states (|166[) and (| 1 73[) transform under 
different incquivalent representations of SL(2, C). 

From a strictly mathematical point of view it is possible to use either of 
the two inequivalent representations, but there is also physical relation between 
these two representations. They are related by space reflection as discussed in 
(j2"6")l . The difficulty arises because D bb ,\p^ a ^ / m\ appears in the kernel of the 
scalar product, d 4 p0(p°)5(p 2 + m 2 )-DjJ b , [yV M /m], rather than in the wave func- 
tion. This means that space reflection not only transforms the wave function, it 
also changes the scalar product by replacing D 3 bb , [p^a^/m] by D?- [p^o^c*^/™] 
(which is also positive for timelike p). 

The simplest way to allow space reflection to be represented by a linear 
operator in the Lorentz covariant representation is to use a Hilbert space repre- 
sentation where the kernel of the covariant scalar product contains direct sum 
of both representations: 

d 4 p8(p°)S(p 2 + m^^/m] -+ 

rfV( P >(P 2 +™ 2 ) ( <^y m] n , . / , . . V d76) 

\ D bb ,[P^^;a 2 /m} J 

Then space reflection can be represented by a linear operator. This is the origin 
of the 4-componcnt treatment of spin 1/2. 
The key observation is the identity 

AA S ( P ) = A s (Ap)A i 7 1 (Ap)AA s (p) = A S (A P )R WS (A, P ) , (177) 

which shows that p-dependent boosts, A s (p), convert Lorentz transformations, 
A, to Wigner rotations, R ws (A,p). 

To relate this to the transformation properties of two-component spinors 
under SL(2,C) we define four different types of 2 component spinors 

e, a, r. (178) 
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These two component spinors are characterized by their SL{2, C) transformation 
properties: 



A a fa = e lz ' ff 


(179) 


A .b = (e ,z. ff) * 


(180) 


A b a = a 2 ^ a a 2 = ((e^Y)- 1 


(181) 


A d s = <r 2 (e iz ")V 2 = ((e^)*)- 1 


(182) 


6, "> & = Aa% 


(183) 


& -> & = Ad% 


(184) 


C a -> C a/ = AV b 


(185) 


C -> = •V'' i ;" / ' 


(186) 


£a = (0"2)obC £a = ( cr 2)a(,^ f ' • 


(187) 



The reason for introducing the upper- and lower-index 2-component Lorentz 
spinors is that the products 

J^eXa and X)f 4 Xd (188) 

a a 

are Lorentz invariant. This follows from the identity A^ 1 = <7 2 A*cr 2 which holds 
for any SL(2, C) matrix. The proof is elementary: 

A" 1 = e-* a = e -'»»*^ = e^(e-*)*<r a - <7 2 A*<7 2 . (189) 

Using (|TM|) 

E £ a *° E £ /a x« = ( A ') _1 * ■ A * = t ■ A_lA * = E £ a x* ( 19 °) 

a a a 

E^Aa ->• E^M = (a 1 )-^ • a* x = e ■ (a*)- x a* x E"'\- ( 191 ) 

da d 

The matrix 172 acts like a metric tensor - it can be used to raise and lower 
indices. The sum over an upper and lower undotted or dotted index is Lorentz 
invariant. 

The difference with an ordinary metric is that 02 is antisymmetric so the 
invariants £ a £ a = £ a £a = always vanish. In the literature 02 is sometimes 
replaced by the real antisymmetric matrix e = icr 2 and its inverse = — e, 
which is the SL(2, C) representation of a rotation about the y-axis by tt. 

To motivate the choice of the spinor representation of space reflection note 
the four-vector X transforms like a mixed spin tensor 

X -> X' = AXA f = (A(g> A*)X , (192) 
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which suggests the notation 

\b^Kh= A ^ dX cd, (193) 

where we have assumed that repeated spinor indices are summed from 1 to 2. 
Space reflection, given by (|26|) , is represented by 

X -> X' = a 2 X*a 2 = -(cr 2 ® cr2)X* . (194) 

The Lorentz transformation properties of the reflected vector X' are 

X' -> X" = -{a 2 ® a 2 )(A* (g) A)X* = (ct 2 AV 2 ) ® (<7 2 A<7 2 )(-<72 ® a 2 )X* . (195) 

Eq. (|195|) shows that the reflected four-vector X' transforms like a mixed-spin 
tensor with upper indices 

X ah -> (196) 

To determine the spinor representation of space reflection we note that a 
positive energy light-like four vector can be represented as the tensor product 
of a two-spinor and its complex conjugate 

*«i = (x), (197) 

where 

x=lTr(<7£ Q (x)£*(x)) (198) 

are the space components of the light-like four vector. The space reflection 
operator on X in (|194p on this four vector is 

X ab -+ £ Q (-x)£*(-x) = -(<7 2 r(xf ) ® (<r 2 r*(x) 6 ) . (199) 

This is consistent with the following spinor representation of space reflection 

e a (x)^ea(-x) = (*a 2 r(x)) d (200) 

&(x)->&(-x) = (iff a £*(x)) . (201) 

Because space reflection changes a spinor that transforms under one represen- 
tation of SL(2, C) to one that transforms under the conjugate representation it 
cannot be represented by a linear transformation in terms of Lorentz covariant 
spinors. The two different kinds of Lorentz covariant spinors are called right 
and left handed spinors because they are related by space reflection. 

In order to represent space reflection by a linear transformation it is enough 
to replace a single spinor by the direct sum of a right and left handed spinor. 
This 4 spinor has the Lorentz transformation properties: 

UMS)-tt<^)U)- ^ 

With this choice both spinors have the same transformation under SU(2) ro- 
tations because (R^)^ 1 = R. Space reflection becomes a linear transformation 
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that interchanges the right and left handed spinors and multiplies by ±i<72 (i.e. 
raises or lowers the spin indices). The new components allow for a linear real- 
ization of space reflection. 

We define the doubled representation of the Lorentz group and space reflec- 
tion operator by 

S(A) = ( A Q (At ° rl ) ( 2 03) 

The doubling also occurs for higher spins. For 2(2j + 1) component spinors the 
5L(2, C) matrices A are replaced by D 3 , [A]: 

^)-{ D T ^[At]- 1 )- ( 204 ) 
If we restrict A to SU{2) then 

sw^s(R) = ^ ^ [( V]) = (T ] Jm)- ^ 

This means that a four-component spin-up state is a direct sum of two identical 
SU(2) spin up states, similarly for spin down states. 

The structure of field operators is based on the dual roles played by the 
Lorentz group and little group of the Poincare group. 

Fields are operator densities that transform linearly with respect to a finite 
dimensional representation S(A) of the Lorentz group. 

U(A,a)y a {x)U^{A,a) = SiA-Xa^a'iAx + a). (206) 

Free fields are linear in operators that create and/or annihilate particles. 
The operator a\(p,n) creates the one-particle state with s-spin, |(m, fj) s , 
out of the vacuum 

at(p,n)\0) = \(m,j)p,n) a . (207) 

The creation operator has the same Poincare transformation properties as the 
single-particle basis states; the spins transform with a representation of the little 
group of the Poincare group: 



C/(A,a)at(p,M)C/ t (A,a) = e-^ a a\{kp, u)J^^-Dl fi (A^(Ap)AA 0s (p)) = 

e- lAp -y^^(AL.(p)A*A - lt (Ap))at(A P , v). (208) 
Taking adjoints gives the transformation properties of the annihilation operator 



U(A,a)a s (p,p)W(A,a) = e^ a a s (Ap^)J ^-D^(A Qs 1 (Ap)AA Qs (p)) 
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e^ a D^(A-^p)A-'A 0s (Ap))as(Ap,u)^^-. (209) 

Note that for the equations with the Wigner functions on the left, the ar- 
gument of the Wigner function in the creation operator is Ag s (p)A'AQ S lt (Ap) 
while the argument of the Wigner function in the annihilation operator is 
(A^{p)A~ 1 A 0s (Ap)). If we use (|189j) we have 

A^A'Ao^Ap) = a 2 (A^ 1 (p)A' 1 A 0s (Ap)a 2 . (210) 

In general the field has a representation of the form 

= J dp(^(p,/i)a s (p lM )e-^W* +ip - x + y s (p,/i)6l(p, M ) e -(p)^P-). 

(211) 

The structure of the complex coefficients U s (p,fi) and V^ s (p,^) are determined 
by comparing the coefficients of the creation and annihilation operator in 

U(A,a)y a (x)U\A,a) = S'(A _1 ) aa /* a ,(Ax + a) = 



J dp[U s (p^)e^a s (Ap^)^ l ^Di^R y (n))x 
Di, vll (A-l(Ap)AA 0s (p))Di,,,(Ry 1 (n))e~^ <p)'+*p-*+ 
^(p,/.) e -^- a &t (A p^)^^^^(A - 1 (Ap)AA 0s (p)) e -(p)*- J P- x ] , (212) 



where we have used (|210j) in (|212[) . Comparison of these equivalent expressions, 
after the variable change p' = Ap in equation (|212j) . including the Jacobian from 
the change of variables in the momentum integral, gives 



S(A) ab U b (p, /i) vMp) = U a (Ap, v) Vu(A P )D^ (Aq" 1 (Ap) AA 0s (p)) (213) 



S(A) o6 H(p, /x)v^(p) = V a (Ap, iy)^{KpjDil(Ao s 1 (Ap)AA 0s (p)) . (214) 
It is useful to define new quantities 

u a {p,n) := U a (p, n)y/u(p) (215) 



« (p,/i) := y a (p,,)^(iJ 9 W)V^p) . (216) 
In terms of these new quantities the covariance relations take on the form 

S(A) ab u b (p,n) = u a (Ap,p)DUAo s 1 (Ap)AA 0s (p)) (217) 



1/fJL V 

-1/ 



S{A) ah v b {p,n) = v a (Ap, v )Di^ s \Ap)AA Qs (p))- (218) 

To determine the p dependence of u b (p, n) or v a (p, fi) we set p = po, A = Aq s (p). 
In this case the Wigner rotation is the identity 

A 0s 1 (Ap)AA 0s (p) -> A^ 1 (A 0s (p)po)A 0s (p)Aos(po) = I , (219) 
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which gives 

u (p, V) = 5(A 0s (p)) a6 M 6 (0, /i) (220) 

v„(p, i/) = 5(A 0s (p)) Q6 « 6 (0, p). (221) 

From these expressions we see that u a (p, v) and v a (p, v) arc representations 
of an s-boost from the rest frame, multiplied by a constant matrix that maps 
the 2(2j+l) component spinors to (2j+l) component spinors. It is instructive 
to note the similarity with equation (|177[) . which also uses a Lorentz boost to 
intertwine finite-dimensional representations of the Lorentz group with unitary 
representations of the rotation group. In the field theory case, when A is a 
rotation 



^(At)- 1 ) j ^ \ o I 

both the left and right handed spinor have identical transformation properties 
and can be factored out. Similarly the spin operator becomes 

d ( DJ{e iX "l 2 ) 



(223) 

Using these relations we get a standard looking representation for a free field 

*„(*) = / -^=K(p, Ai )a s (p, Ai )e^P) t+l P- x + 
J Jwip) 



vMp) 

yQ (p, Ai ) J Di/ 2 ( J R- 1 ( 7 r))6t(p ;l ,) e -(p)*-^P-x ) 

' =(5(A 0s (p)) Qb ^(0, / .) as (p,/x)e-' i "(P)*+ l P- x - 



aA(p) 

^(Ao s (p)) a6U6 (0, / ,) J Di/ 2 ( J R- 1 (7r))6t(p, i ,) e -(p)*-P-x ) . (22 4) 

This has the standard form of a free Dirac field operator, up to normalization, 
except normally the y-rotation is absorbed in the definition of the Vb(0,/j). 

In this section we started from a Poincare covariant description of a particle 
as developed in section |4l absorbed the momentum-dependent boosts from the 
Wigner rotation into the wave function, doubled the representation of SL(2, C) 
to represent space reflection linearly, constructed fields that transform covari- 
antly under the same doubled representation of the Lorentz group and arrived 
at the standard form of a free Dirac field. The Dirac equation was never used 
in this derivation, even though the resulting free field is a solution of the Dirac 
equation. The Hilbert space in this case has scalar product with a momentum- 
dependent kernel. This same construction trivially generalizes to higher spin 
fields and states. 

The important observation is that Poincare covariant two-component spinors 
contain exactly the same information as Lorentz covariant 4-component spinors. 
In the field theory the boosts in (|166[) and (|173j) appear in the spinors u a (p, /it) 
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and v a (p, A*) which intertwine finite dimensional representations of the Lorentz 
group with irreducible representations of the little group of the Poincare group. 
By using the Lorentz covariant representations all of the dependence on the spin 
(s) representation of the particle states disappears. This is because s-dependence 
in the creation and annihilation operators cancels with the s-dependence in the 
coefficient functions u a (p,fi) and v a (p, /i). 

8 Spin and dynamics 

The TV-particle representation of the Poincare group given in (|125M126j) describes 
the dynamics of a system of N free particles. The mass operator for this rep- 
resentation is the invariant mass of N free particles and the spin is the s-spin 
of N free particles. These are both functions of the Poincare generators, which 
are sums of the one-body generators. 

In a dynamical model one expects that both the mass and spin will be 
interaction dependent. This is because the mass and spin operators are functions 
of the generators, some of which are interaction-dependent [8] in dynamical 
models. Because 

M 2 = H 2 - P 2 (225) 

it is clear that the mass operator acquires an interaction dependence through 
the Hainiltonia.n. 

The s-spin ([65)1 is a function of the mass, A S (P), and the Pauli-Lubanski 
vector, W 1 . Each of these terms also involves interactions, and while it is 
possible to satisfy the commutation relations with interactions that lead to a 
non-interacting spin (they are called generalized Bakamjian-Thomas models [T] 
[TT]), for systems of more than two particles this condition is not compatible 
with the additional requirements imposed by cluster properties of the genera- 
tors. The origin of this problem is the treatment of the relative orbital angular 
momentum of two interacting subsystems. The dynamical and kinematic masses 
of these subsystems are different (in fact they are represented by non-commuting 
operators) which implies a dynamical dependence on the relative orbital angular 
momentum of these subsystems. The interaction dependence in the orbital an- 
gular momentum leads to an interaction dependence in the spin. This leads to 
the question of how to understand the relation between the spin of an interacting 
system and the spin of the constituent subsystems. 

In this section we argue that it is enough to understand how the total and 
single-particle spins are related in a non-interacting system. To establish this 
result we show that it is always possible to find a unitary transformation, A, 
that (1) preserves the S matrix and (2) leads to an equivalent model with a 
non-interacting spin. While the transformed Poincare generators will no longer 
satisfy cluster properties, the transformed S'-matrix must satisfy cluster proper- 
ties and in this transformed model the relation between the single-particle spins 
and the system spin is the same as it is for a system of N free particles. Since 
the S'-matrix is the only observable, there is no loss of generality in working with 
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models where the spins are coupled as they are in a non-interacting relativistic 
system. 

The same unitary transformation must be applied to operators for the equiv- 
alence to hold for matrix elements of operators, like current matrix elements. 
Furthermore, as we have argued in section [51 in the process of adding the spins 
and angular momenta with Poincare group Clebsch-Gordan coefficients, the in- 
termediate generalized Melosh rotations (|71I109[) all cancel up to the overall 
single-particle and system Melosh rotations, so there is no loss of generality in 
using the canonical (or any other type of) spin to add the single-particle spins 
and orbital angular momenta to get the system spins. The generalized Melosh 
rotations can be used to transform the system spin and single-particle spins to 
any other type of s-spin. 

This means that in order to understand the relation between single-particle 
spins and the system spin in S'-matrix or bound states observables in dynamical 
models, it is sufficient to study dynamical models where the system spin is the 
canonical spin of the corresponding non-interacting system. When this system 
is embedded in a larger system there will generally be violations of cluster 
properties with observable consequences. 

To construct the desired unitary transformation we introduce another func- 
tion of the Poincare generators that is conjugate to the linear momentum and 
commutes with the canonical spin. We first consider the case of a single-particle 
in a canonical spin basis. In this representation the desired operator is repre- 
sented by X c = iV p where the partial derivative with respect to the linear mo- 
mentum is computed by holding the canonical spin constant (because different 
spins are related by momentum-dependent Melosh rotations ()71|109|) . holding 
different spins constant leads to different "position" operators). 

In this single-particle (irreducible) representation wc define the operator X c 
by the equation 

d 

c ((m,j')p,/i|X c |V') := ig- c ((m,j)p,fj,\i(j). (226) 

This looks like a non-relativistic position operator except in the relativistic case 
the partial derivative is computed holding the z-component [i of the canoni- 
cal spin constant. In addition it has no simple transformation properties with 
respect to the Poincare group. Since the single-particle representation is irre- 
ducible, the operator X c is expressible as a function of the infinitesimal gener- 
ators. 

To determine the relation of X c to the infinitesimal generators we consider 
the action of Lorentz transformations on states in this single-particle basis. Since 
both boosts and rotations change the momenta, the operator X c will appear in 
expressions for both the boost and rotation generators: 

c<(m,i) P> n|jrV) = 
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. d 



( / £ 'W',,:,:,.',.' IMP^), 0)]dpV(p', m'))p=o (227) 



c ((m,i)p,/i|j t |i/') = 

((ro,j)p,/i|e ,,/ifl |V>>fl=o = 
^( / E d P /C ™P'^'[^(^: ). )]*V(p'>M'))e=o- (228) 



Specifically, using the chain rule, the derivatives with respect to the rapidity or 
angle can be replaced by derivatives with respect to the momentum, which in 
this representation is identified with the operator, X c . Straightforward calcula- 
tions lead to the following relations between X c , K and J: 

J=j c + X c xP (229) 

and 

K = i{tf,X c } + ir i-^(pxj c ) . (230) 

The second equation can be inverted to express the operator X c in terms of the 
Poincare generators: 

X c =i { l,K}- PX ( gJ + PxK >. (231) 
2 l H' J MH(M + H) y ' 

The operator X c is called the Newton- Wigner [TJ] position operator. There are 
similar operators [TT] that are partial derivatives with respect to momentum 
holding various s-spins constant. All of these "position operators" are well- 
defined functions of the Poincare generators, but none of them have the physical 
interpretation of a position observable. 

Equation (|23ip leads to the following expression for the canonical spin j c in 
term of P, J and X c . 

j c = J-X c xP. (232) 

This looks just like the standard non-relativistic expression showing that the 
total angular momentum is the sum of an orbital part angular momentum and 
a spin. 

While we derived these formulas by considering properties of a single par- 
ticle, because both X c and j c are functions of the infinitesimal generators, re- 
lations (|230p and (|231[) between X c and the Poincare generators hold for any 
representation of the Poincare group. 

For a system of N non-interacting particles equation (|232[) is replaced by 



jco = J - X c0 x P , (233) 

where the means that the operators are functions of the non-interacting gen- 
erators, which are sums of the single-particle generators. 
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Next we consider an interacting system, and to be specific we assume an 
instant-form dynamics where both the linear, P, and angular momentum, J, do 
not have interactions. In an instant form dynamics the interactions appear in 
the Hamiltonian and rotationless boost generators. For a system with interac- 
tions X defined by (|231|) becomes interaction dependent due to the interactions 
in H, M, and K unless we carefully engineer the interactions to cancel in (|231[) . 
This will be done in what follows. More generally (|232|) implies that the canon- 
ical spin of this system becomes interaction-dependent when X c is interaction 
dependent. When the system is at rest the orbital angular momentum con- 
taining the interaction dependence disappears - however for a system satisfying 
cluster properties, subsystems move relative to each other and the system. In 
these cases the relative orbital angular momenta of the subsystems acquire an 
interaction dependence. This is the origin of the interaction dependence of the 
spins. 

The desired unitary transformation is constructed from multichannel wave 
operators. We briefly summarize the construction of these operators; a more 
complete discussion can be found in (T3] . Asymptotically a scattering state in a 
channel a looks like a number of mutually non-interacting bound clusters. Each 
bound cluster will have a mass, spin, total momentum, and spin projection. 
Relativistically these clusters transform like free particles with the mass and 
spin of the bound subsystem. We write these states in the form 

l^aj.nn.SiPi, Mi)c i (234) 

where CKj is a label for the i th bound cluster in scattering channel a. 

The vector (|234p can be considered as a mapping from the square integrable 
functions of and /Xj, called T-L ai to the Hilbert space for the particles in the 
bound cluster. Here 'H ai is a mass wii spin St irreducible representation space 
for the Poincare group. The asymptotic states in a reaction with n a asymptotic 
clusters having wave packets fi(pi,(M) have the form 

|*a) = II / ^P'^ \<t>ai,mi, Si Pi, (J-i)cfi(Pi, (J>i)- (235) 

We write f|235p formally as 

|*a) ~ *a|/«>, (236) 

where $ Q is a mapping, called the channel injection operator, from the channel 
Hilbert space 

H a := ®U ai (237) 

to the iV-particle Hilbert space. 

The non-interacting dynamics of the bound clusters is given by the tensor 
product of the irreducible unitary representations of the Poincare group associ- 
ated with mass and spin of each cluster: 

(pi,/ii,--- ,p not ,n„ a \U a (A,a)\f a ) =Il/ 5Z P ^p1Up;[ A ' a ] dp ^ p «'^l^) ' 

(238) 
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which in the notation (|236p becomes 

$ a U a (A,a)\f a ) . (239) 

To treat multichannel scattering and bound states on the same footing we define 
the asymptotic Hilbert space as the direct sum of the channel spaces, including 
the TV-body bound state channels, 

H as := ®U a . (240) 

The asymptotic injection operator that maps the asymptotic Hilbert space 
Ha S to the N-particle Hilbert space H is defined by 

$ = ]T$ Q (241) 

a 

and the free asymptotic dynamics by 

*E/„,(A,a) = Y,^U a {A,a) . (242) 

a 

In this notation scattering states, |^±), are defined by the strong limits 

lim \\U(I,(t,0))\*±)-$U as (I,(t,0))\f)\\ = 0, (243) 

t— > ±oo 

where |/) represents a wave packet in the asymptotic Hilbert space, H as - 

Wave operators are mappings from the asymptotic Hilbert space to the N- 
particle Hilbert space defined by 

fl±:= lim U{I,(-t,0))W as (I,(t,0)). (244) 

t— >±oo 

The wave operators are asymptotically complete when they are unitary map- 
pings from Has to the iV-particle Hilbert space (recall that the asymptotic space 
includes system bound states.) The wave operators are relativistically invariant 
when they satisfy 

£/(A,a)0± = Cl±U as (A,a). (245) 

Wave operators that do not satisfy these properties are considered pathological, 
and in what follows we assume that the wave operators are both asymptotically 
complete and relativistically invariant. 

The scattering operator is defined as the unitary mapping 

S = n\_ (246) 

on Has- In an instant-form dynamics P = Po- It follows from (|245[) that 

p r! ± - n ± p as (247) 
xn± = n±x as . (248) 
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The first equation means that the mixed-basis matrix elements of the wave 
operators in eigenstates of Po and P as have the form 

(P, ■ • • |fi±|P as , ■ ■ •) = 6(P - P„)(. • ■ |f2±(P)| • • ■ ). (249) 

Equation (|248[) means that if (P, • • ■ | =/ (P, ■ ■ ■ | are irreducible eigenstates 
associated with the dynamical representation E/(A, a), then the reduced matrix 
elements /(• • • |fi±(P)| • • • ) are independent of P. 

Since in an instant form dynamics Po is also the translation generator for 
the non-interacting system, if (P, ■ • • | =q (P, • • • | are irreducible eigenstates 
associated with the non- interacting representation Uq(A, a), then equation (|247|) 
still holds, but in this case the reduced matrix elements of the wave operators 
will have an explicit momentum dependence. On the other hand, since the S 
matrix only depends on the asymptotic momentum we have 

(P a . J ..-|5|P^--.) = 

(p 0iJ ...|ntn_|p;.,...) = 
J s(p as -p' as ){---\Cil\...) II {...Ci^\---) = 

J *(p oa -p^)(...|n] h (p)|...)oo<-"n_(P)|"-> , (250) 

where we used both the interacting and free-particle irreducible bases as inter- 
mediate states. The S matrix elements are independent of the choice of basis 
used in the iV-particle Hilbcrt space. The third line of equation (|250|) implies 
that (■ • • |5(P)| ■ ■ ■ ) is independent of P: 

(■■•|O t + (P)|---)oo(---fj-(P)|---) = 

(••• |^(0)| •••)oo(---0_(0)|---). (251) 

Given this information we define new wave operators f2± in a free-particle irre- 
ducible basis by 

o(P, • • • IflilPoa, ■■■)=S(P- P as ) <- • • |fi±(0)| • • • ) , (252) 

where we have set P to zero in the reduced matrix element in the mixed repre- 
sentation involving a non-interacting irreducible basis and the asymptotic basis. 
These new wave operators have the following important properties 

s = n^nt = nl nl_ (253) 

and 

X ^ = £l{X as . (254) 
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The unitarity of the wave operators means that 

A = 0^Q_ = 0^0+ (255) 

is an S'-matrix preserving unitary operator. Using the unitary operator (|255[) 
we define the equivalent dynamical representation of the Poincare group by 

U(A,a) := AU(A,a)A f . (256) 

Because the dynamics is instant form we have 

P Q A = AP Q JqA = AJ Q (257) 

and by construction 

X A = AX. (258) 
It follows that the transformed canonical spin 

j c = J - X x P = j c0 (259) 

has no interactions. This shows that U (A, a) is a dynamical unitary represen- 
tation of the Poincare group that gives the same S-matrix and bound state 
observables as the original representation [/(A, a), and in addition has a non- 
interacting spin. 

This is the desired result. To see that this also applies to other forms of the 
dynamics we note that once we have a mass operator that commutes with Po, 
X c0 and j c0 , the kernel of that operator in an irreducible free particle basis is the 
product of three momentum conserving delta functions, a delta function in the 
total canonical spin, a delta function in the ^-component of the total canonical 
spin, an a reduced kernel in the non-interacting mass and kinematically invari- 
ant variables. These kinematically invariant variables are just the degeneracy 
variables that appear in the various Clebsch-Gordan coefficients. Replacing in 
the delta functions linear momentum and canonical spin by the four- velocity and 
canonical spin or light-front components of the four momentum and light-front 
spin, give S'-matrix equivalent models in each of Dirac's forms of dynamics. A 
similar construction can be used to prove the existence of scattering equivalent 
dynamical models in each of Dirac's forms of dynamics. 

The conclusion of this section is that if one wants to understand the relation 
between the spins of single particles and spin of the system there is no loss 
of generality with treating the spins as non-interacting spins. This provides 
a justification for a number of applications of the Bakamjian-Thomas type of 
dynamics EGO [H] [E] [H] [H] 

9 Few-body problems 

Generalized Bakamjian-Thomas models arc a class of relativistic quantum me- 
chanical models of interacting particles where the spin is identical to the spin of 
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a system of non-interacting particles. In the previous section we demonstrated 
that any relativistic dynamical model was related to an equivalent Bakamjian- 
Thomas model by an S-matrix preserving unitary transformation. While the 
equivalent Bakamjian-Thomas unitary representation of the Poincare group will 
not asymptotically break up into tensor-product representations, the S matrix, 
which is unchanged from the original model, must satisfy cluster properties if the 
original model satisfies cluster properties. Thus, for the purpose of understand- 
ing bound-state or S-matrix observables, there is no loss of generality in using 
Bakamjian-Thomas models of the system. The important consequence is that 
in these models the relation of the total spin of a composite system to the spins 
of its constituent particles is identical to that relation for N non-interacting 
relativistic particles. 

For this reason it is instructive to consider the structure of Bakamjian- 
Thomas few-body models. The important property of this class of models is that 
the two and three-body interactions must commute with the non-interacting 
three-body spin. This ensures that the dynamical spin has no interactions. The 
simplest way to realize this property is to couple the spins and orbital angu- 
lar momenta using the Poincare group Clebsch-Gordan coefficients (|148H149| 
to construct a Poincare irreducible free-particle basis. In this basis the inter- 
actions must be diagonal in the square of the spin and commute with and be 
independent of the magnetic quantum number. 

By inspecting the structure of the Poincare group Clebsch-Gordan coeffi- 
cients (|148til49|) one can see that the spin is constructed using ordinary SU (2) 
Clebsch-Gordan coefficients; but the angular momenta being added are the con- 
stituent spins (|152j) and orbital angular momenta in relative momentum opera- 
tors (|155p that Wigner rotate with the constituent spins (|152[) . If the potential 
is expressed in a basis of eigenstates of the constituent spins, the projection of 
these spins on an axis, and the orbital angular momentum three vectors that 
Wigner rotate with the constituent spins, then all that is required is that the 
potential be a rotationally invariant in this basis. 

In this basis the dynamical problem can be solved using standard methods 
that take advantage of the rotational invariance; either using standard partial- 
waves methods or direct 3-dimensional integration in the same manner that they 
are used in non-relativistic calculations [20] [21] . 

The relevant momenta and constituent spins variables are related to the 
single-particle spins and momenta by boosting all of them to the rest frame of the 
non-interacting system, and then converting the resulting s spins to canonical 
spins. The relevant momentum variables (|155|) arc 

q, =A-\P) Pl (260) 

and the relevant spins (|152[) are 

j iss = X- 1 (q i )Aj\P)A s { Pi )i ia . (261) 

These identifications are important for the relativistic transformation properties 
in the Bakamjian-Thomas representation. If one works in the three-body rest 
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frame then the are just the single-particle momenta and the constituent spins 
become the single particle constituent spins. In this frame the relativistic invari- 
ance requirement on the spins reduces to the requirement that the potentials 
are rotationally invariant functions of the three momenta and single-particle 
canonical spins. To transform out of the rest frame it is necessary to make the 
identifications (ggO} and (gUJ). 

It is interesting to note that the desired rotational covariance can be re- 
alized by treating the spins and orbital angular momenta in a purely non- 
relativistic manner in the rest frame, constructing two-body relative momenta 
using Galilean boost to two body-rest frames. It is equally possible to realize 
the rotational invariance by adding the spins and orbital angular momenta us- 
ing successive coupling with the Poincare group Clebsch-Gordan coefficients of 
section [6l In both cases, if one starts with the momenta and spins in (|260p and 
(|26ip , these choices amount to a variable change. These choices have nothing to 
do with relativity - they are simply alternative variable choices that make the 
rotational invariance of the interactions easy to recognize. 

This is consistent with the observation that the only symmetry that needs to 
be respected in the rest frame is the symmetry associated with the little group, 
which is the rotation group for positive mass systems. 

However, there are other considerations that go beyond the Poincare sym- 
metry. Most notably are cluster properties. Cluster properties provide the jus- 
tification for tests of special relativity on isolated subsystems. In the three-body 
problem it is natural first to treat the two-body problem using the Bakamjian- 
Thomas method. A spectator particle can be included by taking the tensor prod- 
uct of the two-body Bakamjian- Thomas representation of the Poincare group 
with the one-body irreducible representation associated with the spectator. The 
resulting tensor-product unitary representation of the Poincare group does not 
have a kinematic spin, but it does satisfy cluster properties. A scattering equiva- 
lent three-body Bakamjian-Thomas model is obtained by considering this model 
in the non-interacting three-body rest frame, replacing all of the single-particle 
momenta and spins by the momenta (|260[) and constituent spins (|26ip . This 
implies a specific and simple relation between the two-body Bakamjian-Thomas 
interactions in the two-body problem and the corresponding Bakamjian-Thomas 
interactions in the three-body problem. This connection is realized by embed- 
ding the two-body interactions in the three-body problem using Poincare group 
Clebsch-Gordan coefficients. While similar considerations apply to larger sys- 
tems, for these systems the equivalent Bakamjian-Thomas model that satisfies 
S'-matrix cluster properties necessarily includes many-body interactions that are 
generated from the subsystem interactions [13]. 

10 Coupling to electromagnetic fields 

Given all of the different kinds of spin operators introduced in this paper, one 
has to confront the question of relating theory to experiment. Normally the spin 
is measured by considering how it couples to a classical electromagnetic field. 
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Formally, in the one-photon-exchange approximations this involves a coupling 
of the form 

e J dnJ u {x)A l ,(x)dx. (262) 

The connection with the theory is through matrix elements of the current of the 
form 

s ((m',/)pV, ■ ■ • \J»(x)\(m,j)p,fx, ■••>,. (263) 

The Poincare transformation properties of this matrix element means that it can 
be expressed in terms of invariants and geometric quantities that arise strictly 
from the transformation properties of the current and initial and final states. 
Once this operator is known in one basis the relations between the different 
bases discussed in this paper can be used to calculate the current in any other 
basis. It is only necessary to know the generalized Melosh rotations relating two 
different spin bases. Thus using (|71I109[) we get 

a((m'j')p',n', ■ ■ ■ \J^(x)\(m,j)p,n, •••)„ = 

J2 ^ v ,[Aj 1 (p')A i (p')]t(K,i')p' J M", • • • \J»(x)\(m,j)p, n'\ ■ ■ ■ ) t x 

D^,^ 1 (p)A s (p)}. (264) 

11 Summary 

In this paper we presented a general discussion of the treatment of spin in rela- 
tivistic few-body systems. The goal of this work was to understand the relation 
between the spin of a dynamical system and the spin of its elementary con- 
stituents. This is relevant for understanding scattering experiments where, for 
example, a polarized target breaks up into constituents and one is interested 
in the relation of the polarization of the target to the polarization of the con- 
stituents. Other examples involve using electromagnetic probes that interact 
with the currents of the individual constituent particles. Our intention is to 
include sufficient generality so models with different treatments of spin can be 
compared. 

There are many good references on single-particle spins for relativistic sys- 
tems, and also many references on Clebsch-Gordan coefficients for the Poincare 
group [22 23 [11 , which can be used to add spins and orbital angular momenta 
in relativistic systems, but most of them focus on the canonical spins, and are 
relevant for a system of two free particles. This work discusses the addition of 
a more general class of spins along with the impact of the dynamics on the spin 
coupling. We also discussed the connection between two and four component 
spinors in this context. 

The new feature of spin in relativistic quantum mechanics is that spins un- 
dergo momentum-dependent rotations under the action of Lorentz transforma- 
tions. This means that there is no unambiguous way to compare the spins 
of particles with different momenta and the addition of spins becomes more 
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complicated than it is in non-relativistic quantum mechanics. In section 2] we 
pointed out that one way to define a spin operator is to use an arbitrary but 
fixed set of Lorentz transformations to refer the particles to a common frame 
where the spins can be compared. We constructed a number of functions of the 
single-particle Poincare generators corresponding to different arbitrary but fixed 
Lorentz transformations and showed that the resulting spin operators all sat- 
isfied SU (2) commutation relations. We also showed that the different choices 
of spin operators were related by momentum-dependent rotations, which we 
called generalized Melosh rotations. The exercise is not academic - at least 
three different kinds of spins are commonly used in applications. These include 
the canonical spin, the light-front spin, and the helicity spin and they are all 
related by different generalized Melosh rotations. 

We then showed that the canonical spin played a special role in adding spins. 
This is because only for the canonical spins are Wigner rotations of rotations 
equal to the original rotation. This means that particles with different mo- 
menta have identical rotational properties when rotated which allowed them to 
be added using ordinary SU{2) Clebsch-Gordan coefficients. The coupling coef- 
ficient for other types of spins are constructed by first using generalized Melosh 
rotations to convert to canonical spins. Next the canonical spins are added us- 
ing SU{2) Clebsch Gordan coefficients, and finally the resulting canonical spin 
is converted back to the initial type of spin using another generalized Melosh 
rotation. The different generalized Melosh rotations used in this construction 
involve different momenta (i.e the momentum of each particle and the total mo- 
mentum of the subsystem). We also remarked that in the process of successive 
pairwise coupling all of the intermediate generalized Melosh rotations cancel. All 
that remains are the generalized Melosh transformations on the single-particle 
spins and the final total spin. This led us to point out that there is no loss 
of generality in performing all of the spin additions using canonical spins. The 
resulting coupling coefficients can then be converted to coupling coefficients for 
any other type of spin using the appropriate generalized Melosh rotation. An 
important observation resulting from this construction is that there are a num- 
ber of intermediate spins that couple to the final total spin using ordinary SU(2) 
Clebsch-Gordan coefficients. We called these spins constituent spins. It is im- 
portant to note that the constituent spins are actually many-body operators 
that are related to the true single-particle spins by dynamical rotations (both 
Winger rotations and generalized Melosh rotations). The angles of these rota- 
tions depend on the momentum distribution of the composite system as well as 
on the total momentum of the system. 

All of this discussion assumed that all the spins are associated with a non- 
interacting systems of particles. For interacting systems the internal orbital 
angular momenta associated with subsystems depend on the mass eigenvalues 
of the subsystems, rather than the invariant mass of the constituents in each 
subsystem. This would suggest that modifications are required to couple the 
particle spins and internal orbital angular momenta in interacting systems. In 
section |8] we argued that this was not the case. We showed that is was always 
possible to find an S-matrix preserving unitary transformation that removes the 
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interactions from the spin at the expense of modifying the internal momentum 
distribution of the wave function. In general we do not know the momentum 
distribution of the wave function without doing a full dynamical calculation, 
however it follows that there is no loss of generality in coupling the spins, treating 
them all as kinematic quantities. Quantitative predictions will be sensitive to the 
momentum distribution in the wave functions due to the presence of dynamical 
rotations in the spin and orbital angular momentum coupling coefficients. 

We also considered the choices of vectors that should be used to describe 
the internal relative orbital angular momenta for systems of particles. The 
most important requirement is that they must be defined by boosting the single 
particle momenta to a common frame - normally the rest frame of the non- 
interacting system. The resulting vectors are no longer 4- vectors, but they have 
the desirable property that they all can be Melosh rotated (if necessary) so 
they undergo the same Wigner rotations as the constituent spins. This allows 
them to be coupled with the constituent spins using ordinary Clcbsch-Gordan 
coefficients to get the total spin. When everything is expressed in terms of 
these momentum vectors and the corresponding constituent spins the coupling 
proceeds as in the non-relativistic case. 

In relativistic quantum theory both two and four component spinors arise 
in applications. In section [7] we pointed out that two component spinors arise 
by considering positive mass-positive energy irreducible representations of the 
Poincare group while four-component spinors are associated with finite-dimensional 
representations of the Lorentz group. We demonstrated the relation between 
these two groups by taking apart a Wigner rotation, thus removing the momentum- 
dependent boosts. The resulting spin no longer depends on the choice of boost, 
but because the SL(2, C) representation of the boosts and their complex conju- 
gates are inequivalent, and both representations are related by space reflection, 
it is natural to use a doubled representation when space reflection is an impor- 
tant symmetry. In making contact with the particle spins the boosts must be 
reintroduced - this choice appears in both the Dirac spinors and the creation 
and annihilation operators. 

This work was supported in part by the U.S. Department of Energy, under 
contract DE-FG02-86ER40286 and by the Polish National Science Center under 
Grant No. DEC-2011/01/B/ST2/00578. 
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